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Abstract 
 One of the main design criteria currently used by the automotive industry us that of 
designing fuel efficient vehicles. Strict regulations imposed within the European Union and 
the United States, dictate progressively lower limits of greenhouse gases emissions, either via 
imposed taxation or, in extreme cases via refraining the distribution of certain vehicle 
models. Friction itself is one of the sources responsible for increased fuel consumption. 
Consequently, its understanding on a full scale system level is of essential importance in 
employing improved design methodologies and fuel efficient lubricants. 
 The present study focuses its attention on the theoretical prediction of the power 
losses and the conjunctional efficiency of hypoid gear pairs which are located in the 
differential units of modern cars. Particular attention is paid on the effect of the lubricant 
formulation on the efficiency performance of the system. This is realised through the 
rheological characterisation of the lubricating oil under well controlled laboratory conditions, 
such as those appearing in viscometers. A total of 6 gear lubricants of the same viscosity 
grade (SAE 75W-90), blended with the same additive pack are examined. The key difference 
between each lubricant is on the type and the concentration of the Viscosity Modifier (VM). 
The viscosity of each fluid is characterised for high temperature, high pressure and high shear 
rate, conditions usually encountered in the Elastohydrodynamic (EHD) conjunctions of 
highly loaded hypoid gears. The conjunctional efficiency of three different hypoid gear pair 
geometries is examined under the influence of different lubricant formulation. The actual 
contact geometry of each gear-set is captured through a quasi-static Finite Element (FE) 
procedure known as Tooth Contact Analysis (TCA). The torsional gear dynamics of the gear 
pair are also captured through a 4 Degree of Freedom (DoF) lumped parameter model, 
highlighting the impact of the inertial properties of the system on its efficiency performance. 
 The uniqueness of the present approach lays on the treatment of the lubrication 
problem of full scale hypoid gear pair conjunctions, particularly through employing 
rheological models and techniques on fully formulated and characterised (in terms of their 
viscosity) gear lubricants. Integrated with the TCA and the gear dynamics analysis, the 
aforementioned approach deems some further light on the effect of various lubricant related 
properties on their efficiency performance. This could potentially assist the lubricant industry 
in designing more fuel efficient lubricants without a considerable sacrifice on the durability 
of the system. 
 For the present analysis, several results have been produced for different operating 
conditions (speed, load and temperature), lubricant formulations and gear-sets. The major 
finding of this analysis can be focused on the influence of the high pressure response of the 
viscosity of the gear lubricant on the conjunctional efficiency of the hypoid gear pair unit. 
Despite the same viscosity grade of the lubricants under investigation, significant differences 
could be found on the resulting conjunctional efficiency. The key parameter responsible for 
this discrepancy can be traced on the different high pressure response of their individual 
viscosities, realised through the Pressure Viscosity (PV) coefficient, due to the different type 
and concentration of the VM. Thus, when a hypoid gear pair conjunction is considered, the 
low pressure viscosity characteristics of the lubricant alone cannot be considered as a 
sufficient measure of the efficiency performance of the system. 
 
Keywords: Hypoid gears, efficiency, Elastohydrodynamic lubrication, high pressure 
rheology, non-Newtonian, gear dynamics, TCA, friction 
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݇ଶ thermal conductivity of solid body 2 (ring gear) ሺW ሺm ∙ Kሻ⁄ ሻ 
݇௢௜௟ thermal conductivity of the oil ሺW ሺm ∙ Kሻ⁄ ሻ 
ܫ௜ modified Bessel functions of the 1st kind ሺi ൌ 0,1ሻ ሺെሻ 
ܯଵ steady state thermal resistance of solid body 1 (pinion) ሺK W⁄ ሻ 
ܯଶ steady state thermal resistance of solid body 2 (ring gear) ሺK W⁄ ሻ 
݉௫ lubricant mass flow rate along the x axis of the contact ellipse ሺkg ሺm ∙ sሻ⁄ ሻ 
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݉௬ lubricant mass flow rate along the y axis of the contact ellipse ሺkg ሺm ∙ sሻ⁄ ሻ 
݊ exponent of the non-Newtonian rheological models ሺെሻ 
݊௜ argument of the Bessel functions ൫݊௜ ൌ ሺ2݄௜ ሺ2݇௜ܽ௛ሻ⁄ ሻଵ ଶ⁄ , ݅ ൌ 1,2൯ ሺmିଵሻ 
௚ܰ number of ring gear teeth ሺെሻ 
௣ܰ number of pinion teeth ሺെሻ 
௚ܰௗ௟ number of ring gear teeth submerged inside the oil bath ሺെሻ 
௣ܰௗ௟ number of pinion teeth submerged inside the oil bath ሺെሻ 
݌ pressure ሺPaሻ 
ܲ dimensionless pressure ܲ ൌ ݌ ௛ܲ⁄  ሺെሻ 
௜ܲ,௝௞  dimensionless lubricant nodal pressure during the ݇௧௛ step of the solution on node 
ሺ݅, ݆ሻ ሺെሻ 
௛ܲ maximum Hertzian contact pressure ሺPaሻ 
ܴௗ average equivalent contact radius of curvature of the flank pair ሺmሻ 
ܴ௘ effective radius of curvature along the direction of lubricant entrainment ሺെሻ 
ܴ௚ principal time varying contact radius of the ring gear ሺmሻ 
ܴ௣ principal time varying contact radius of the pinion ሺmሻ 
ܴ௦ effective radius of curvature along the side leakage direction ሺെሻ 
ܴ௭௫ time varying contact radius of curvature along the direction of entraining motion 
ሺmሻ 
ܴ௭௬ time varying contact radius of curvature along the side leakage direction ሺmሻ 
ܵ∗ Reynolds equation dimensionless group ሺെሻ 
ݏ௡ non-Newtonian flow factor ሺെሻ 
ݐ time ሺsሻ 
஺ܶ bulk (ambient) temperature of the lubricant in the oil sump ሺKሻ 
௕ܶଵ bulk surface temperature of solid 1 (pinion) ሺKሻ 
௕ܶଶ bulk surface temperature of solid 2 (ring gear) ሺKሻ 
௖ܶ lubricant temperature at the centre of the EHD conjunction ሺKሻ 
௜ܶ௡ lubricant temperature at the inlet of the EHD conjunction ሺKሻ 
ܷ lubricant entraining velocity ሺܷ ൌ ሺ ଵܷ ൅ ܷଶሻ 2⁄ ሻ ሺm s⁄ ሻ 
ݑ local velocity of the lubricant along the direction of entraining motion ሺm s⁄ ሻ 
ଵܷ pinion circumferential velocity ሺm s⁄ ሻ 
ܷଶ gear circumferential velocity ሺm s⁄ ሻ 
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ݑ௔௩ average fluid velocity along the direction of entraining motion ሺݑ௔௩ ൌ ܷ ൌ
ሺ ଵܷ ൅ ܷଶሻ 2⁄ ሻ ሺm s⁄ ሻ 
௘ܷ Chittenden-Dowson dimensionless speed parameter ሺ ௘ܷ ൌ ߟ଴ܷ ܧ௥ܴ௘⁄ ሻ ሺെሻ 
ܸ lubricant side leakage velocity ሺܸ ൌ ሺ ଵܸ ൅ ଶܸሻ 2⁄ ሻ ሺm s⁄ ሻ 
ݒ local velocity of the lubricant along the side leakage direction ሺm s⁄ ሻ 
ଵܸ pinion tooth surface velocity along the side leakage direction ሺm s⁄ ሻ 
ଶܸ gear tooth surface velocity along the side leakage direction ሺm s⁄ ሻ 
ܹ flank contact load ሺNሻ 
௔ܹ௦௣ contact load carried by the asperities ሺNሻ 
ாܹு௅ elastohydrodynamic contact reaction ሺNሻ 
ݔ direction of the semi-minor axis of the elliptical contact footprint (entraining 
direction) ሺmሻ 
ݕ direction of the semi-major axis of the elliptical contact footprint (side leakage 
direction) ሺmሻ 
ݖ across the film direction ሺmሻ 
ܼ Roeland’s piezo-viscosity coefficient ሺPaିଵሻ 
 
Greek Symbols 
ߙ∗ reciprocal asymptotic iso-viscous pressure-viscosity coefficient ሺPaିଵሻ 
ߙ஽ு Dowson – Higginson pressure – density coefficient ሺെሻ 
ߙ௛ heat partition coefficient ሺെሻ 
ߙுே Havriliak-Negami alpha coefficient ሺെሻ 
ߚ damping matrix proportionality coefficient 
ߚ஽ு Dowson – Higginson pressure – density coefficient ሺെሻ 
ߚீ  average radius of curvature of the asperity tips for the G-T model ሺmሻ 
ߚுே Havriliak-Negami beta coefficient ሺെሻ 
ߚ௫ numerical scheme control variable ሺെሻ 
ߚ௬ numerical scheme control variable ሺെሻ 
ߛሶ௫௭ viscous shear rate along the x axis of the contact ellipse ሺsିଵሻ 
xvi 
 
ߛሶ௬௭ viscous shear rate along the y axis of the contact ellipse ሺsିଵሻ 
ߛሶ௘ total (equivalent) viscous shear rate in the conjunction ሺsିଵሻ 
ߜ local elastic deflection of the mating surfaces ሺmሻ 
߂ܷ sliding velocity along the x axis ሺ߂ܷ ൌ |ݑଵ െ ݑଶ|ሻ ሺm s⁄ ሻ 
߂ܸ sliding velocity along the y axis ሺ߂ܸ ൌ |ݒଵ െ ݒଶ|ሻ ሺm s⁄ ሻ 
ሺ߂ܷሻ௧௢௧ total sliding velocity in the conjunction ൫ሺ߂ܷሻ௧௢௧ ൌ √߂ܷ ൅ ߂ܸ൯ ሺm s⁄ ሻ 
൫߂ ௙ܶ൯௔௩ average flash temperature rise in the conjunction ሺKሻ 
ሺ߂ ௢ܶ௜௟ሻ௔௩ average viscous temperature rise in the conjunction ሺKሻ 
ߟ low shear dynamic viscosity of the lubricant ሺPa. sሻ 
ߟ଴ low shear dynamic viscosity of the lubricant at atmospheric pressure ሺPa. sሻ 
ߟଶ second Newtonian dynamic viscosity of the lubricant ሺPa. sሻ 
ߟ௘ effective dynamic viscosity of the lubricant ሺPa. sሻ 
ߟ௘௙௙ effective dynamic viscosity of the lubricant in the Reynolds equation ሺPa. sሻ 
ߟீ asperity density per unit area for the G-T model ሺpeaks mଶ⁄ ሻ 
ߟ௢௜௟,௜ viscosity of the oil on the surface of the solid body i (i ൌ 1,2) ሺkg mଷ⁄ ሻ 
ߣ relaxation time of the lubricant ሺsሻ 
ߣ௦ Stribeck parameter (lamda ratio) ሺߣ௦ ൌ ݄௖ ߪ௥௠௦⁄ ሻ ሺെሻ 
ߤ coefficient of friction of the EHD conjunction ሺെሻ 
ߥ Poisson’s ratio of the gear teeth material (steel) ሺെሻ 
ߩ lubricant density ሺkg mଷ⁄ ሻ 
ߩ Dimensionless density ሺߩ ൌ ߩ ߩ଴⁄ ሻ ሺെሻ 
ߩ଴ lubricant density at standard conditions ሺkg mଷ⁄ ሻ 
ߩଵ density of solid body 1 (pinion) ሺkg mଷ⁄ ሻ 
ߩଶ density of solid body 2 (ring gear) ሺkg mଷ⁄ ሻ 
ߩ௢௜௟,௜ density of the oil on the surface of the solid body ݅ (݅ ൌ 1,2) ሺkg mଷ⁄ ሻ 
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ߪீ combined RMS roughness of the mating surfaces for the G-T model ሺmሻ 
߫ load relaxation parameter ሺെሻ 
߫௔ steel – on – steel coefficient of sliding friction ሺെሻ 
߬଴ shear strength of the tribo-film ሺPaሻ 
߬଴,ா௬ Eyring shear stress of the lubricant ሺPaሻ 
௭ܶ௫଴  dimensionless wall shear stress of the lubricant along the direction of entraining 
motion ሺെሻ 
߬௫௭଴  wall shear stress of the lubricant along the direction of entraining motion ሺPaሻ 
௬ܶ௫଴  dimensionless wall shear stress of the lubricant along the side leakage direction 
ሺെሻ 
߬௬௭଴  wall shear stress of the lubricant along the side leakage direction ሺPaሻ 
௘ܶ dimensionless total lubricant shear stress ሺെሻ 
߬௫௭ viscous shear stress along the x axis of the contact ellipse ሺPaሻ 
߬௬௭ viscous shear stress along the y axis of the contact ellipse ሺPaሻ 
߬௫௭଴  wall viscous shear stress along the x axis of the contact ellipse ሺPaሻ 
߬௬௭଴  wall viscous shear stress along the y axis of the contact ellipse ሺPaሻ 
߬௘ total (equivalent) viscous shear stress in the conjunction ሺPaሻ 
ሶ߮ ௣ angular velocity of the pinion ሺrad s⁄ ሻ 
ሶ߮ ௚ angular velocity of the ring gear ሺrad s⁄ ሻ 
߯ଵ thermal diffusivity of solid body 1 (pinion) ሺmଶ s⁄ ሻ 
߯ଶ thermal diffusivity of solid body 2 (ring gear) ሺmଶ s⁄ ሻ 
߰ Reynolds equation non-dimensional group ሺെሻ 
 
Chapter 4  
ܾ half backlash in meshing teeth pairs ሺmሻ 
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ܿ damping coefficient per meshing teeth pair ሺN. s m⁄ ሻ 
ሾܥሿ damping matrix of the linearized lumped parameter dynamic model  
ൣܥ௚൧ generalised damping matrix of the linearized lumped parameter dynamic model 
ܿ௧,ଵ torsional damping coefficient of the ring gear shaft ሺNm. s rad⁄ ሻ 
ܿ௧,ଶ torsional damping coefficient of the pinion shaft ሺNm. s rad⁄ ሻ 
݁଴ time varying static unloaded transmission error ሺmሻ 
݁ ೛் time varying static loaded transmission error ሺmሻ 
݂ backlash function ሺmሻ 
ܨ௔,௚ axial (thrust) load acting on the ring gear ሺNሻ 
ܨ௔,௣ axial (thrust) load acting on the pinion ሺNሻ 
ܨ௙௥௜  total friction force between the teeth of the flank pair ݅ ሺ݅ ൌ 1 ൊ 3ሻ ሺNሻ 
ܨ௙௥,௕௜  boundary friction component between the teeth of the flank pair ݅ ሺ݅ ൌ 1 ൊ 3ሻ  
ሺNሻ 
ܨ௙௥,௩௜  viscous friction component between the teeth of the flank pair ݅ ሺ݅ ൌ 1 ൊ 3ሻ 
ሺNሻ 
௠݂ meshing frequency of the gear pair ሺHzሻ 
ܨԦ௥,௔ሺௌ೔ሻ reaction force vector at the origin of the ሺ ௜ܵ, ݅ ൌ ݌, ݃ሻ rotating reference frame 
ሺNሻ 
ܨԦ௥,௙௜௫௘ௗሺௌ೔ሻ  reaction force vector at the origin of the ሺ ௜ܵ, ݅ ൌ ݌, ݃ሻ fixed reference frame ሺNሻ
ܨ௥,௚ radial load acting on the ring gear ሺNሻ 
ܨ௥,௣ radial load acting on the pinion ሺNሻ 
ܨ௧,௚ tangential force acting on the ring gear ሺNሻ 
ܨ௧,௣ tangential force acting on the pinion ሺNሻ 
ܫ௚ ring gear mass moment of inertia ሺkg.mଶሻ 
ܫ௣ pinion mass moment of inertia ሺkg.mଶሻ 
ܫ௦ ring gear shaft mass moment of inertia ሺkg.mଶሻ 
ܫ௪ pinion shaft mass moment of inertia ሺkg.mଶሻ 
In percent instantaneous inefficiency ሺെሻ 
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Inோெௌ percent RMS inefficiency over 50 meshing cycles ሺെሻ 
ሾܭሿ stiffness matrix of the linearized lumped parameter dynamics model 
ሬ݇Ԧ෠௜ unit vector along the axis coinciding with the axis of rotation of the ݅௧௛ member 
of the pair expressed with respect to the ሺ ௜ܵ, ݅ ൌ ݌, ݃ሻ reference frame ሺെሻ 
݇௠ time varying meshing stiffness ሺN m⁄ ሻ 
݇௠,଴ constant term of the Fourier expansion of the teeth meshing stiffness ሺN m⁄ ሻ 
݇௧,ଵ torsional stiffness of the pinion shaft ሺNm rad⁄ ሻ 
݇௧,ଶ torsional stiffness of the ring gear shaft ሺNm rad⁄ ሻ 
݈ ௞݂ contact load share factor for the flank pair ݇ ሺ݇ ൌ 1 ൊ 3ሻ  ሺെሻ 
ሾܯሿ mass matrix of the linearized lumped parameter dynamics model ሺkg.mଶሻ 
ܯௗ௥௔௚௜,௞  drag (churning) frictional moment of bearing ݅ ሺ݅ ൌ ܣ, ܤ, ܥ, ܦሻ during the ݇௧௛ 
time step of the solution ሺNmሻ 
ܯ௙௥,௕௜,௞  total frictional moment of bearing ݅ ሺ݅ ൌ ܣ, ܤ, ܥ, ܦሻ during the ݇௧௛ time step of 
the solution ሺNmሻ 
ܯሬሬԦ௥,௔ሺௌ೔ሻ reaction moment vector at the origin of the ሺ ௜ܵ, ݅ ൌ ݌, ݃ሻ  rotating reference 
frame ሺNmሻ 
ܯሬሬԦ௥,௙௜௫௘ௗሺௌ೔ሻ  reaction moment vector at the origin of the ሺ ௜ܵ, ݅ ൌ ݌, ݃ሻ fixed reference frame 
ሺNmሻ 
ܯ௥௥௜,௞ rolling frictional moment of bearing ݅ ሺ݅ ൌ ܣ, ܤ, ܥ, ܦሻ during the ݇௧௛ time step 
of the solution ሺNmሻ 
ܯ௦௘௔௟௜,௞  seal frictional moment of bearing ݅ ሺ݅ ൌ ܣ, ܤ, ܥ, ܦሻ during the ݇௧௛ time step of 
the solution ሺNmሻ 
ܯ௦௟௜,௞ sliding frictional moment of bearing ݅ ሺ݅ ൌ ܣ, ܤ, ܥ, ܦሻ during the ݇௧௛ time step 
of the solution ሺNmሻ 
ሬ݊Ԧሺௌ೔ሻ unit normal vector of the concentrated contact load with respect to the ሺ ௜ܵ, ݅ ൌ
݌, ݃ሻ reference frame ሺെሻ 
௕ܰ
௝ instantaneous total bearing power loss during time step ݆ ሺWሻ 
௚ܰ number of ring gear teeth ሺെሻ 
௣ܰ number of pinion teeth ሺെሻ 
݊௜,௝ speed of bearing ݅ ሺ݅ ൌ ܣ, ܾ, ܥ, ܦሻ during time step ݆ ሺRPMሻ 
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݊௣ pinion speed ሺRPMሻ 
ݎԦ௖ሺௌ೔ሻ position vector of the contact point between a pair of mating flanks expressed 
with respect to the ሺ ௜ܵሻ reference frame ሺmሻ 
ܴ௚ time varying contact radius of the ring gear ሺmሻ 
ݎԦெሺௌ೔ሻ position vector of the concentrated contact point with respect to the ሺ ௜ܵሻ 
reference frame ሺെሻ 
ܴ௣ time varying contact radius of the pinion ሺmሻ 
ܴ௦ effective radius of curvature along the side leakage direction ሺെሻ 
ݎ௧௚௜  lever arm of the friction force with respect to the ring gear coordinate system 
for the flank pair ݅ ሺmሻ 
ݎ௧௣௜  lever arm of the friction force with respect to the pinion coordinate system for 
the flank pair ݅ ሺmሻ 
ሾܴሿ௭೔ rotation matrix fixing the rotation of the ሺ ௜ܵሻ reference frame with the ݅௧௛ 
member of the gear pair ሺെሻ 
ܴ௭௫ time varying contact radius of curvature along the direction of entraining 
motion ሺmሻ 
ܴ௭௬ time varying contact radius of curvature along the side leakage direction ሺmሻ 
ݐ time ሺsሻ 
௙ܶ௥,௚ frictional torque at the ring gear ሺNmሻ 
௙ܶ௥,௣ frictional torque at the pinion ሺNmሻ 
௙ܶ௥,௣௜  frictional torque at the ring gear due to the friction force between the teeth of 
the flank pair ݅ ሺNmሻ 
௙ܶ௥,௣௜  frictional torque at the pinion due to the friction force between the teeth of the 
flank pair ݅ ሺNmሻ 
௠ܶ meshing period ሺsሻ 
௣ܶ pinion torque ሺNmሻ 
௦ܶ constant input torque at the ring gear shaft ሺNmሻ 
௪ܶ resistive torque at the pinion shaft ሺNmሻ 
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ܷ lubricant entraining velocity ሺܷ ൌ ሺ ଵܷ ൅ ܷଶሻ 2⁄ ሻ ሺm s⁄ ሻ 
ݑሺௌ೔ሻ surface velocity of the flank of the ݅௧௛ member of the gear pair along the 
direction of entraining motion (minor axis of the contact ellipse) ሺm s⁄ ሻ 
௦ܸ௜ total sliding velocity between the teeth of the flank pair ݅ ሺm s⁄ ሻ 
ݒሺௌ೔ሻ surface velocity of the flank of the ݅௧௛ member of the gear pair along the side 
leakage direction (major axis of the contact ellipse) ሺm s⁄ ሻ 
ܹ total load supported by all the flanks in contact ሺNሻ 
௜ܹ contact load between the teeth of the flank pair ݅ ሺNሻ 
௞ܹ contact load supported by the ݇௧௛ pair of flanks ሺNሻ 
௥ܹ,௛௘௔ௗ radial load on the pinion head bearing (bearing A) ሺNሻ 
௥ܹ,௅ு radial load on the left hand side ring gear bearing (bearing C) ሺNሻ 
௥ܹ,ோு radial load on the right hand side ring gear bearing (bearing D) ሺNሻ 
௥ܹ,௧௔௜௟ radial load on the pinion tail bearing (bearing B) ሺNሻ 
ሬܹሬሬԦሺௌ೔ሻ concentrated contact load vector with respect to the ሺ ௜ܵሻ reference frame ሺNሻ 
ݔ dynamic (loaded) transmission error ሺmሻ 
ݔොሺௌ೔ሻ unit vector in the direction of the semi-minor axis of the elliptical contact 
footprint between the mating flanks, expressed with respect to the ሺ ௜ܵሻ 
reference frame ሺെሻ 
ሼݕሽ state space vector of the torsional gear dynamics system 
ݕොሺௌ೔ሻ unit vector in the direction of the semi-major axis of the elliptical contact 
footprint between the mating flanks, expressed with respect to the ሺ ௜ܵሻ 
reference frame ሺെሻ 
  
 
Greek Symbols 
ߚே Newmark integration constant ሺെሻ 
ߚ௜ spiral angle of the ݅௧௛ ሺ݅ ൌ ݌, ݃ሻ member of the gear pair ሺradሻ 
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ߛ௜ pitch angle of the ݅௧௛ ሺ݅ ൌ ݌, ݃ሻ member of the gear pair ሺradሻ 
߂ ௧ܷ௢௧ total sliding velocity between a pair of mating flanks ሺm s⁄ ሻ 
ߞ௜ damping ratio of the ݅௧௛ modeshape of the linearized gear system ሺെሻ 
ߦመሺௌೖሻ unit vector along the direction of sliding between a pair of mating flanks expresses 
with the respect to the ሺܵ௞, ݇ ൌ ݌, ݃ሻ reference frame ሺെሻ 
ሾ߶ሿ modeshape matrix of the linearised system describing the dynamics of the hypoid 
gear pair ሺെሻ 
߶௜ pressure angle of the ݅௧௛ ሺ݅ ൌ ݌, ݃ሻ member of the gear pair ሺradሻ 
߮௚ ring gear rotational angle ሺradሻ 
߮௣ pinion rotational angle ሺradሻ 
߮௦ ring gear shaft rotational angle ሺradሻ 
߮௪ pinion shaft rotational angle ሺradሻ 
߱௜ angular velocity of the ݅௧௛ member of the gear pair ሺ݅ ൌ ݌, ݃ሻ ሺrad s⁄ ሻ 
߱௠ angular meshing frequency of the gear pair ߱௠ ൌ ௣ܰ ሶ߮௣ ൌ ௚ܰ ሶ߮௚ ሺrad s⁄ ሻ 
߱௡௜ ݅௧௛ angular natural frequency of the linearized torsional gear system ሺrad s⁄ ሻ 
ሬ߱Ԧሺௌ೔ሻ angular velocity vector of the ݅௧௛ member of the gear pair ሺ݅ ൌ ݌, ݃ሻ expressed with 
respect to the ሺ ௜ܵሻ reference frame ሺrad s⁄ ሻ 
 
Chapter 5 
ܣଵ Vogel temperature – viscosity constant ሺെሻ 
ܽ௉௏ PV coefficient linear fitting coefficient ሺPaିଵԨିଵሻ 
்்ܽௌ TTS shifting factor ሺെሻ 
ܾ௉௏ PV coefficient linear fitting coefficient ሺPaିଵሻ 
݌ pressure of the lubricant ሺPaሻ 
݌௔ ambient (atmospheric) pressure ሺPaሻ 
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ܵ௔ average surface roughness of the MTM specimens ሺmሻ 
ܵ௞௨ kurtosis of the surface roughness profile of the MTM specimens ሺെሻ 
ݏ௡ non-Newtonian flow factor ሺെሻ 
ܵ௣௖ arithmetic mean peak curvature of the roughness profile of the MTM specimens 
ሺmିଵሻ 
ܵ௣ௗ peak density of the surface roughness profile of the MTM specimens ሺmିଶሻ 
ܵ௤ RMS surface roughness of the MTM specimens ሺmሻ 
ܵ௤௖ combined RMS surface roughness of the MTM specimens ሺmሻ 
ܵ௦௞ skewness of the surface roughness profile of the MTM specimens ሺെሻ 
ܶ temperature of the lubricant ሺKሻ 
଴ܶ,௥௘௙ Vogel reference temperature ሺKሻ 
௕ܶ௔௧௛ bulk temperature of the lubricant at the oil sump (bath) ሺKሻ 
௥ܶ௘௙ reference temperature of the high shear viscosity measurements  ሺKሻ 
ܷ lubricant entraining velocity ሺm s⁄ ሻ 
ܹ contact load ሺNሻ 
  
Greek Symbols 
ߙ∗ reciprocal asymptotic iso-viscous pressure viscosity coefficient of the lubricant 
ሺPaିଵሻ 
ߙுே Havriliak – Negami alpha coefficient ሺെሻ 
ߚுே Havriliak – Negami beta coefficient ሺെሻ 
ߙ௜ local pressure viscosity coefficient of the lubricant ሺPaିଵሻ 
ߙோ Roelands pressure viscosity coefficient of the lubricant ሺPaିଵሻ 
ߛሶ  shear rate applied to the lubricant ሺsିଵሻ 
ߟ଴ low shear viscosity of the lubricant at atmospheric pressure ሺPa. sሻ 
ߟ଴,௥௘௙ Vogel reference viscosity of the lubricant ሺPa. sሻ 
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ߟ଴௥௘௙ low shear viscosity of the lubricant at the reference temperature and ambient 
pressure ሺPa. sሻ 
ߟ௘ effective viscosity of the lubricant ሺPa. sሻ 
ߣ relaxation time of the lubricant at 70 °C ሺsሻ 
ߣ௦ lamda ratio (Stribeck parameter) of the EHD contact ሺെሻ 
ߩ density of the lubricant ሺkg mଷ⁄ ሻ 
ߩ௥௘௙ density of the lubricant at the reference temperature and ambient pressure ሺkg mଷ⁄ ሻ 
 
Chapter 6  
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Chapter 1, Introduction 
 Over the past 25 years the strict regulations imposed by the European Union 
regarding the maximum amount of emission by the passenger vehicles have forced the 
automotive industry and its branches, as well as the engineering community in general, to a 
marathon of efficiency focused design. The beginning of this can be traced back to 1992 
when the first European emission standard, or EURO 1, was imposed obligating the 
automotive manufacturers to reduce the emissions of their passenger vehicles (both diesel and 
petrol) to a clearly specified level. This level was defined by the concentration of specific 
chemical molecules and particles to the exhaust gas of the engine. Concentration of chemicals 
such as carbon monoxide (CO), hydrocarbons (THC), non-methane hydrocarbons (NMHC), 
nitrogen oxides (NOx) and atmospheric particulate matter (PM) was, and still is, strictly 
regulated by the European Emission Standards since it is essential for a passenger vehicle to 
comply with them in order to be able to legally be distributed in the public. Figure 1.1 
illustrates the maximum permitted levels of the chemicals associated with emissions for 
diesel passenger vehicles according to the past and present European Emission Standards 
(EES).  
 
Figure 1.1, Maximum emissions for diesel passenger vehicles according to European Emission 
Standards (data after (European Commission 2014) ) 
Table 1.1 lists the date that corresponds to each of the EES. An observation of figure 1.1 
along with table 1.1 reveals that a new EES is imposed approximately every 4-5 years and 
that the demands in emission decrease are becoming more and more binding. This trend has 
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led the automotive manufacturers, and their suppliers, to focus their design and research on 
the production of more energy efficient vehicles. 
Tier Date 
Euro 1 July 1992 
Euro 2 January 1996 
Euro 3 January 2000 
Euro 4 January 2005 
Euro 5 September 2009 
Euro 6 September 2014 
Table 1.1, EES and their date of release (source (European Commission 2014)) 
In order to maximize the mechanical efficiency of the passenger road vehicles (and 
consequently reduce the emissions) several technical features comprising them have to be 
optimized using the efficiency as the optimization criterion. One of those features is the 
drivetrain and its components. The drivetrain is the system that is responsible for transferring 
the engine torque and rotational velocity to the wheels of the vehicle. In order to do so, a 
series of subsystems are engaged. A typical drivetrain unit in a rear wheel drive passenger car 
is composed by a gearbox, serving purposes of speed reduction from the engine, a main 
driveshaft that transfers the motion from the gear box, and the differential unit that is 
responsible for distributing the torque and the motion from the main driveshaft to the wheels. 
The differential unit also permits to the rear wheels (or front depending on the transmission 
type) to rotate at different rotational velocity relatively to each other. This is a crucial feature 
since during turning the wheel facing the centre of rotation rotates with lower angular 
velocity as compared to the outer wheel. If the rotational velocity of the wheels was the same 
during the turning manoeuvre the outer wheel would slip on the road and the safety of the 
vehicle would be in jeopardy.  
 
1.1. Problem description and project aims 
The main aim of this study is the development of a numerical tool which is able to 
predict the mechanical conjunctional efficiency of hypoid gear pairs taking into account 
different operating conditions and different lubricant formulations. The hypoid gear pairs 
considered can be found in the differential units of common light weight vans. On the 
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majority of the cases, the differential units operate using a hypoid gear pair that is able to 
transfer torque between two parallel and not intersecting axes. Hypoid gears are the general 
case of the spiral bevel gears since the pinion and the gear shafts can be mounted with a 
certain offset from one another (Stadtfeld 1993). A typical hypoid gear pair can be seen in 
figure 1.2. Unlike spur, helical, straight bevel and helical bevel gears, hypoid gear teeth 
exhibit a considerable amount of sliding when in conjunction (Zhang et al. 1994). The sliding 
motion of their teeth makes the effective lubrication of hypoid gear pairs technically 
challenging compared to other types of gearing. Therefore, the proper lubrication of the 
hypoid gear pairs in the differential unit of a passenger vehicle is of a key importance in order 
to increase the overall mechanical efficiency of the system. More specifically, the proper 
understanding of the effect of various axle fluid formulations on the conjunctional efficiency 
is of key importance in order to optimise the next generation of lubricants. For that reason, 
several lubricant formulations are examined paying particular attention on their influence on 
the conjunctional efficiency.  
   
Figure 1.2, A typical hypoid gear pair (left) and a surface scan of hypoid pinion (right) 
The accurate prediction of the hypoid gear pair mechanical efficiency considering real life 
operating conditions is a task that demands the implementation of two different in nature but 
strongly depended and coupled phenomena. Those phenomena are the lubrication 
phenomenon itself, which takes place between the meshing teeth due to the presence of the 
lubricant, and the dynamic response of the gear pair due to time varying torque, contact 
geometry and errors of the teeth due its manufacturing and assembly. The mechanical 
efficiency of the gear pair can be derived by the solution of the lubrication problem since the 
major source of power losses in a gear pair are the frictional losses. On the other hand, the 
lubrication problem is directly influenced by the dynamic response of the gear pair since the 
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contact load that must be supported by the lubricant is dictated by the gear dynamics. Due to 
the presence of this interaction, a fully coupled tribo-dynamics model is developed. 
 
1.2. Contribution to knowledge 
 So far, the studies dealing with the prediction of the conjunctional inefficiency of 
hypoid gear pairs do not account for the special rheological characteristics of the lubricant 
formulation employed. In the present study this is accounted for, yielding a numerical tool 
which is able to predict a distinguishable conjunctional efficiency even for lubricants blended 
with the same additive pack, but with different VMs. This novel approach can shed some 
further light on the contribution of the aforementioned polymers on the energy efficiency 
under a variety of operating conditions. In order to do so, six axle fluids have been 
characterised in terms of the high-shear/high-pressure response of their viscosity, yielding 
realistic rheological data which are then employed into the tribo-dynamics model. This 
approach permits a more detailed examination of the influence of several different types of 
VMs on the conjunctional efficiency of hypoid gear pair units. 
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Chapter 2, Literature Review 
 A comprehensive discussion and analysis of the literature surrounding the key 
aspects of the lubrication and the dynamics of hypoid gear pairs is presented in this 
chapter. The approach followed towards the tribodynamics analysis of hypoid gear 
pair conjunctions is based on the analysis of the system according to the different 
aspects of focus, namely: 
1. The study of the lubrication problem. Since the main purpose of the present 
study is the prediction of the frictional power losses between the mating teeth 
of hypoid gear pairs, the lubrication phenomena between them must be well 
understood. The dominant regime of lubrication is that of elastohydrodynamic 
(EHD), meaning that the friction force due to the shearing of the lubricant is 
influenced by the elastic deflection of the mating flanks. In addition to that, 
the viscosity of the lubricant is rapidly increased due to the high contact 
pressures encountered.  
2. The study of the contact kinematics and dynamics between the mating flanks. 
The geometry and the kinematics of the contact footprint can significantly 
influence the amount of the generated friction between the mating flanks. 
Furthermore, the contact geometry and kinematics are directly related to the 
contact load supported by the flanks. In turn, the contact load is strongly 
influenced by the dynamic response of the gear pair, suggesting that the 
dynamics of the system should be accounted for in order to accurately predict 
the efficiency response of the real life system. 
The theoretical understanding of the above phenomena is essential in order to 
effectively calculate and examine the tribological performance of highly loaded 
hypoid gear pairs. The section below attempts to provide a summary of the work 
conducted so far as well as the understanding on each of those fields.   
 
2.1. The classic elasto-hydrodynamic (EHD) theory 
 The term classic elastohydrodynamic (EHD) theory is usually attributed to the 
initial theoretical and experimental attempts to describe this regime of lubrication 
(Bair 2012). Those studies date back to the late 20th century and they are responsible 
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for providing the fundamental understanding of the EHD friction and film thickness 
formation mechanisms (Dowson and Higginson 1959; Johnson 1970) 
One of the first theoretical attempts to explain the lubrication in gear teeth 
conjunctions was performed  by Martin (Martin 1916). The conjunction was 
considered to be between two perfectly rigid cylinders and the lubricant was assumed 
to behave as a Newtonian fluid, while the variation of the viscosity and the density 
with the pressure was neglected. The results showed that the value of the minimum 
fluid film thickness was lower or very near to the value of the surface asperities mean 
height. Such an observation suggested that the wear between the mating flanks should 
be rather intense, which was not justified by the inspection of broken in gear teeth, 
which surfaces were in a rather good condition. The first to employ both the effects of 
elastic deflection and the viscosity increase in non-conformal contacts was Ertel 
(Mohrenstein and Ertel 1984). Although his work was published in Europe in 1984, 
the original work dates back to 1945, the year when it was originally published in 
Russia according to Spikes (Spikes 2006). In his model, the dependence of the 
lubricant viscosity on the fluid pressure was taken into account and it is now very 
clear (Stachoviak and Batchelor 2001) that under high loads, this dependence can 
substantially affect the tribological performance of the EHD conjunction. The elastic 
deflection of the mating surfaces was calculated using the Hertzian theory (Hertz 
1881) yielding a uniform deflection along the contact zone without capturing the 
existence of the exit constriction (horseshoe shape), which was observed in later 
studies. It is worth noting that Grubin had foreseen the existence of the exit 
constriction in the contact zone leading to the pressure spike at the exit region (Spikes 
2006) although no results validating his prediction have been provided. The work of 
Ertel became known in Europe after it was republished by Grubin (Grubin 1949). The 
first worker who solved the full elastic deformation problem in an EHd conjunction 
was Petrusevich (Petrusevich 1951). His method was able to validate Ertel’s exit 
constriction prediction and consequently the presence of a pressure spike at the exit 
(sometimes known as Petrusevich spike). Weber and Saalfeld (Weber and Saalfeld 
1954) investigated numerically the line contact between 2 rotating cylinders. Their 
model took into consideration the surface deflections of the cylinders in contact. The 
EHD was examined for two different viscosity models. The first model assumed that 
the flow was iso-viscous whereas the second model consider viscosity change with 
Chapter 2, Literature Review 
 
7 
 
respect to the Barus law (Barus 1893). Despite the fact that this approach can only 
yield qualitative results regarding the performance of the EHD conjunction since, (i) 
the fluid viscosity under EHD cannot be considered constant due to the high pressure 
values, and (ii) Barus law is valid only for a narrow range of comparatively low 
pressures, it clearly demonstrated the significance of the piezo-viscous response of the 
lubricant in such contacts. The results revealed that as the load increases, the pressure 
profile in the conjunction approaches the Hertzian distribution (Hertz 1881). This 
assumption was later explained and validated by Dowson and Higginson (Dowson 
and Higginson 1959). Crook (Crook 1958) measured the film the EHD film thickness 
in a line contact between two rotating cylinders. Results were obtained for conditions 
of pure rolling as well as for conditions of rolling with sliding, indicating that under 
high load the simple hydrodynamic theory fails to estimate the film thickness. The 
experimentally determined value was found to be of the order of 1 µm while the 
predictions of the hydrodynamic theory, predicted a thickness which was orders of 
magnitude lower (a multiple of the diameter of a few lubricant molecules). Another 
important deduction of this work is that the increase in the oil temperature at the 
centre of the conjunction due to viscous heating, which can reach or even exceed the  
250 °C, appears not to influence the lubricant film thickness. The first computer-based 
numerical solution of the line EHD problem was given by Dowson and Higginson 
(Dowson and Higginson 1959). In their study, the variation of the viscosity and the 
density of the lubricant with the pressure was taken into account. The Hertzian theory 
(Hertz 1881) was used in order to estimate the elastic deflection of the mating solid 
surfaces in conjunction with the 1-dimensional Reynolds equation, yielding the 
pressure and the film thickness distribution.  The results of this work showed that for 
high loads, the pressure profile of the fluid is nearly identical with the pressure profile 
predicted by the Hertzian theory for dry contacts. It was also demonstrated that for 
high contact loads, the hydrodynamic pressure of the fluid and the corresponding 
Hertzian pressure of an equivalent dry contact only differ close to the inlet and the 
outlet regions of the contact zone.  
 In addition to the understanding of line contact EHD conjunctions, a 
considerable amount of work is focused on the point contact EHD theory. One of the 
first experimental works regarding the point EHD contact problem dates back to 
(Howlett 1946) who examined the relation between the applied load and the torque on 
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contacting spherical surfaces. Howlett assumed that the lubricant flow between the 
mating surfaces can be sufficiently described using the hydrodynamic theory of 
lubrication. His results were compatible with the experiment but only for low loads 
since the piezo-viscous response of the lubricant and the elastic deformation of the 
mating surfaces were not considered. The first systematic experimental analysis of 
point contacts was performed by Archard and Kirk (Archard and Kirk 1961). They 
used a pair of rotating cylinders with their axes mutually at right angles and they 
operated them in a wide range of speeds and loads. Their results indicated that full 
film lubrication is established even when the contact load is relatively high and the 
sliding speed is comparatively low. Their results were the motivation for numerous 
studies (experimental and numerical) that followed. Two years after the results of 
Archard and Kirk (Archard and Kirk 1961), one of the most important experimental 
studies on point contact EHD was published by Gohar and Cameron (Gohar and 
Cameron 1963). They used optical interferometry in order to visualize the film 
thickness between a steel sphere against a glass surface. The visual measurement of 
the point contact film thickness distribution can be seen in figure 2.1. 
 
Figure 2.1, Optical interferometry visualization of point contact film 
thickness (after Gohar and Cameron (Gohar and Cameron 1963)) 
Up until this point, the point contact EHD had mainly been studied 
experimentally and the majority of published theoretical EHD studies concerned line 
contact EHD. The first semi-analytical solution of the point contact EHD was 
performed by Archard and Cowking (Archard and Cowking 1965). In their study, 
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they treated the point contact EHD as the superposition of elemental line contacts. 
This was achieved by introducing a dimensionless quantity, known as ellipticity of the 
contact, in the line contact Reynolds equation. By doing so, the variation of the 
pressure distribution along the side leakage direction, was effectively captured. 
However, their formulation failed to predict the film thickness accurately for 
decreasing values of the contact ellipticity. A more in depth analysis of the fluid film 
thickness in EHD point contacts was presented by Cameron and Gohar (Cameron and 
Gohar 1966). The numerical as well as the experimental studies performed by them 
successfully predicted the exit constriction at the point contact. Just a year later, 
experimental studies performed by Johnson and Cameron (Johnson and Cameron 
1967) as well as by Plint (Plint 1967) regarding the point contact EHD suggested that 
for high sliding speeds (i.e. high slide to roll ratio) the traction force due to the 
shearing of the lubricant film approaches a limiting value implying that the shear 
stress of the lubricant exhibits an upper bound. Until then, it was believed that for 
high sliding speeds the viscosity of the lubricant decreases continuously due to shear 
heating (Crook 1961). Hence, the traction force due to the lubricant shearing should 
also decrease at a certain extent. The results of Johnson and Cameron (Johnson and 
Cameron 1967) suggested that the shear stress of the lubricant cannot exceed a certain 
value, or a limiting shear stress. It was also proposed that the viscoelastic behavior of 
the lubricant should be taken into consideration especially for high sliding speeds. 
The first to take into account the effect of the lubricant side leakage in point contact 
EHD was Cheng (Cheng 1970). The side leakage effect was taken into account by 
using a so called ‘film reduction factor’ which was defined as the actual film 
thickness (without lubricant side leakage) divided by the film thickness using the line 
contact theory for the same contact pressure. The results suggested that the effect of 
the lubricant side leakage on the film thickness of the lubricant is not profound, at 
least for the operating conditions examined. During the same year, a useful 
classification of the traction regimes of the EHD was performed by Johnson (Johnson 
1970) using a disk machine. By performing a graphical mapping of two dimensionless 
groups, which depended on the operating conditions as well as the lubricant 
rheological properties, the effect of the viscosity change and the mating surface elastic 
deflection on the tribological characteristics of the contact could be determined. The 
effect of the material properties on the lubricant film thickness of point contact EHD 
conjunctions was investigated by Gohar (Gohar 1971). The dependency of the rolling 
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friction on the contact load and the rolling speed was also investigated. It was shown 
that the influence of the mating surface modulus of elasticity has insignificant effect 
on the lubricant film thickness value. It was also shown that the rolling friction 
coefficient changes only slightly with load. However it greatly depended on the 
magnitude of the rolling velocity. Up until this point, the majority of the studies, both 
numerical and experimental, assumed that the contact is fully flooded with lubricant, 
meaning that the effect of the rate of lubricant replenishment to the conjunction on its 
performance was not examined (lubricant starvation). In their study Wedeven et al. 
(Wedeven, Evans, and Cameron 1971) performed an experimental study of point 
contact EHD under lubricant starvation conditions. The results indicated that the 
starvation of the lubricant directly affects the lubricant film thickness, paving the way 
for a series of further studies examining the impact of the starvation on the film 
thickness performance of EHD conjunctions. The first complete numerical studies on 
the point contact EHD, taking into account both the elastic deflection of the mating 
surfaces and the viscosity augmentation due to the high contact pressures, that applied 
in a wider range of slide to roll ratios were performed by Ranger et al. (Ranger, Ettles, 
and Cameron 1975) and in a series of paper by Hamrock and Dowson (Hamrock and 
Dowson 1976), (Hamrock and Dowson 1976), (Hamrock and Dowson 1977a), 
(Hamrock and Dowson 1977b). Figure 2.2 indicates some numerical results predicted 
by Hamrock and Dowson regarding the value of the dimensionless pressure in a point 
contact. 
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Figure 2.2, Dimensionless pressure (after Hamrock and Dowson (B. J. 
Hamrock and Dowson 1976)) 
Evans and Snidle (Evans and Snidle 1981) suggested the so called ‘Inverse Method’ 
for point contact EHD problems. Using this method, the calculation of the film 
thickness and shape corresponding to a known hydrodynamic pressure distribution is 
possible by performing an inverse solution of the Reynolds equation. A more general 
solution of the point contact EHD problem for moderate load and material parameters 
was presented by Mostofi and Gohar (Mostofi and Gohar 1982). The squeeze film 
action was accounted for quasi-statically. A range of lubricant velocities were 
investigated considering entrainment along the minor as well as the major axes of the 
contact ellipse. An extension of their work for heavy contact loads was made by 
Evans and Snidle (Evans and Snidle 1982). A detailed analytical study of point 
contact EHD was performed in a series of two papers by Chittenden and Dowson 
(Chittenden et al. 1985a, 1985b). The first part of the study was focused on the special 
case in which the direction of the lubricant entraining motion coincides with the major 
axis of the contact ellipse. The second paper generalised their previous one by 
assuming that the direction of the lubricant entraining motion is at an angle with the 
respect to the major axis of the contact ellipse. Based on their results, they created 
extrapolated equations for estimating the central and the minimum film thickness, 
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eliminating the need to run complex numerical EHD simulation at least during the 
basic design stage.  A breakthrough regarding the numerical approach followed in 
order to numerically solve the EHD (line contact) was made in 1990 in a paper 
presented by Venner et al. (Venner, Napel, and Bosma 1990). They used a multi-
level/multi-integration technique in order to numerically solve the Reynolds and the 
elastic deformation equations. The suggested method can significantly decrease the 
total computational time required in order to obtain a solution, enabling fast solution 
of transient EHD problems. The same authors, extended their work to circular 
contacts (Venner and Napel 1992). The multigrid method has been also used by Ehret 
et al. (Ehret et al. 1997) in order to solve the general point contact EHD problem. An 
experimental approach towards measuring the EHD central film thickness has been 
developed and tested by Joyce et al. (Dwyer-Joyce, Drinkwater, and Donohoe 2003). 
The method employs an ultrasound emitter/receiver attached on the free surface of the 
solids in contact making it non-intrusive. The advantage of this method is that it is 
capable of measuring and monitoring the EHD film thickness in full scale systems 
(i.e. roller/ball bearings) in situ. However, certain practical difficulties involving the 
set-up and the calibration of the transducer exist in conjunction with an upper 
theoretical speed limit (rotational speed of the bearing) depending on the repetition 
rate of the emitted ultrasound pulses (Dwyer-Joyce, Reddyhoff, and Drinkwater 
2004). Some of those disadvantages however have been successfully addressed by 
adding a piezo-electric thin film between the solid surface and the transducer 
(Drinkwater et al. 2009). An experimental study considering the effect of the lubricant 
starvation was performed by Cann et al. (Cann, Damiens, and Lubrecht 2004). They 
studied the influence of the lubricant entraining velocity, lubricant viscosity, contact 
load and the volume of the lubricant on the transition from fully flooded to starved 
lubrication conditions. Their results revealed that when the entraining velocity is 
comparatively low, the film thickness of the lubricant increases with the value of the 
entraining velocity. However, if the lubricant entraining velocity exceeds an upper 
limit, then the effect of the lubricant starvation starts to appear, reducing the film 
thickness with the entraining velocity. The degree of starvation was associated not 
only with the inlet viscosity of the lubricant but also with the magnitude of the surface 
tension. In a more recent study Joyce et al. (Dwyer-Joyce, Reddyhoff, and Zhu 2011) 
employed an ultrasound transducer in order to measure the contact stiffness of the 
lubricant and the asperities between a pair of mating surfaces under EHD conditions. 
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Their results provided a useful insight towards the sharing of the contact load between 
the fluid film and the asperities, and validated experimentally the hypothesis that the 
stiffness of the lubricant is order of magnitude higher than that of the solid surfaces. 
 The aforementioned studies set the basis of the methodology which can be 
followed to theoretically understand and treat non-conformal EHD conjunctions. 
Although the understanding of the nature and the mechanisms which prevail in this 
regime of lubrication is quite advanced, effects such as the lubricant starvation, and 
the inlet shear heating, and their impact on the EHD film thickness and traction is yet 
to be completely understood. 
 
2.2. Non-Newtonian behavior of the lubricant 
 Until the late 70s the developments in the EHD theory lead to predictions that 
were generally in a good agreement with the experimentally determined film 
thickness measurements. However, the same was not the case for the EHD traction. 
For higher sliding speeds, where the shear rate of the lubricant is increased, the 
theoretical results, although in a good agreement with the experiment regarding the 
film thickness, failed to accurately predict the EHD coefficient of friction. The 
traction force predicted using the EHD theory was fairly higher than the 
experimentally defined one. Hirst and Moore (Hirst and Moore 1974) conducted an 
experimental analysis, using a disk machine, under conditions of line contact, 
focusing on the effect of the lubricant rheology on the traction (friction) force. They 
concluded that under conditions of high sliding speed, the measured traction force is 
significantly less compared to the one predicted by the Newtonian theory. This 
reduction has been attributed to the non-Newtonian (shear-thinning) response of the 
lubricant under EHD conditions. A better understanding of the rheological 
mechanisms involved in EHD conjunctions has been provided in the experimental 
study of Johnson and Tevaarwerk (Johnson and Tevaarwerk 1977) who used a disk 
machine. The main purpose of this study was to identify a rheological model which 
can effectively describe the variation of the effective viscosity of the lubricant with 
the rate of shear. The Ree – Eyring model (Ree and Eyring 1955) was found suitable 
in describing this dependence, yielding a simple, one parameter model, which 
successfully described the high shear rheology over a wide range of lubricating oils. 
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The experimental traction curves created, exhibiting the non-Newtonian rheological 
behavior of the lubricant, are illustrated in figure 2.3. 
 
Figure 2.3, Non-linear rheological behavior of the lubricant (after Johnson and 
Tevaarwerk (Johnson and Tevaarwerk 1977)) 
 A series of experimental studies focusing on the non-Newtonian behavior of the 
lubricating oil were performed the following years such as that of Tevaarwerk and 
Johnson (Tevaarwerk and Johnson 1979), Hirst and Moore (Hirst and Moore 1979), 
(Hirst and Moore 1980), all of them validating the effectiveness of the Ree-Eyring 
model at least when EHD conjunctions are considered. The aforementioned studies 
employed a disk machine in order to quantify the non-Newtonian properties of the 
lubricants under examination. The drawback of this approach is that the temperature 
and the pressure of the lubricant at the point of contact between the disks is not 
constant throughout and could not be measured and controlled. Hence, the 
temperature of the bulk oil was used as the reference one, concealing the effect of 
actual local temperature and pressure on the parameters under determination. This 
difficulty was successfully addressed through employing viscometers, offering better 
temperature and pressure control throughout the volume of the lubricant examined. 
The work of Bair and Winer (Bair and Winer 1979a), can be considered as the first 
one employing a high shear viscometer at high pressures, representative of those 
found in EHD contacts, in order to understand the shear thinning response of 
commonly used lubricants. A Carreau like model (Carreau, De Kee, and Chhabra 
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1997) was suggested, demonstrating good agreement with the viscometric data. 
Further to the effect of the shear thinning response of the lubricant on the EHD 
friction, the studies of Bair and Winer (Bair and Winer 1979c), as well as Hoglund 
and Jacobson (Hoglund and Jacobson 1986) investigated the influence of the pressure 
and the temperature on the limiting shear stress of the common mineral as well as 
synthetic lubricants, in order to explain the observed traction plateau at high sliding 
speed. Based on their results, they suggested a simple equation used in order to 
calculate the value of the limiting shear stress of the lubricant under a wide range of 
pressures and temperatures. It was shown that the value of the limiting shear stress is 
almost linearly related to the pressure of the lubricant and that its value is very 
sensitive to the variation of the temperature. Figure 2.4 illustrates the results provided 
by Hoglund and Jacobson regarding the relationship between the limiting shear stress 
and the pressure-temperature of the lubricant for synthetic hydrocarbon oil.  
 
Figure 2.4, Shear Stress vs. Pressure-Temperature for a synthetic oil (after 
Hoglund and Jacobson (Hoglund and Jacobson 1986)) 
With respect to the theoretical/numerical studies surrounding the understanding of the 
non-Newtonian response of lubricants under EHD conditions, this came at the end of 
1980s, mainly due to the increased computational demand required for the solution of 
the non-Newtonian EHD problem. In 1987, Conry et al. (Conry, Wang, and Cusano 
1987) modified the Reynolds equation in order to take into account the non-
Newtonian behavior of the lubricant. The rheological equation used to capture the 
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shear thinning response of the oil was that proposed by Johnson and Tevaarwerk 
(Johnson and Tevaarwerk 1977) which was based on the Ree-Eyring model (Ree and 
Eyring 1955). However, this analysis was restricted to the case of an isothermal line 
contact without considering the effect of the limiting shear stress of the lubricant. 
Iivonen and Hamrock (Iivonen and Hamrock 1991) performed a numerical analysis of 
the non-Newtonian EHD contact in rectangular contacts considering the effect of the 
lubricant limiting shear stress. The point contact EHD problem considering the non-
Newtonian behavior of the lubricant was numerically studied by Kim and Sadeghi 
(Kim and Sadeghi 1991). The 2D Reynolds equation was modified considering the 
Ree-Eyring model (Ree and Eyring 1955) of non-Newtonian behavior. The effect of 
the lubricant limiting shear stress was not taken into consideration. Sharif et al (Sharif 
et al. 2001), again used the Ree-Eyring model in order to modify 2D Reynolds 
equation. Their formulation, used in order to model the point contact EHD in worm 
gears, permitted accurate predictions of the lubricant pressure field as well as the 
lubricant shear stress for high loads and high slide/roll ratios. The thermal effects 
induced by the lubricant shear heating were taken into consideration revealing the 
impact of the temperature rise at the central region of the conjunction on the EHD 
traction. Bair (Bair 2006), modified the Reynolds equation, for line contact EHD, 
based on the Ellis model of the lubricant shear thinning under high shear stress. In this 
study the effect of the limiting shear stress of the lubricant was taken into account 
along with the shear thinning effect. This can be considered as one of the first 
numerical EHD analyses considering high shear viscometric data in order to predict 
the EHD friction between engineering components. A numerical analysis of starved 
EHD line contact taking into account the non-Newtonian behavior of the lubricant as 
well as the thermal effects was performed by Mihailidis et al. (Mihailidis, Agouridas, 
and Panagiotidis 2013). The concept of the limiting shear stress of the lubricant was 
also taken into account. The non-Newtonian effects of the lubricant were modeled 
using the model recommended by Bair and Winer (Bair and Winer 1979b).  
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Figure 2.5, Dimensionless pressure distribution in a line contact predicted by 
numerical analysis (after (Mihailidis et al. 2013)) 
The successful prediction of the EHD friction and film thickness using primary 
viscometric data has been further supported by the numerical studies of Bair (Björling 
et al. 2013; Habchi et al. 2008, 2010), where excellent agreement between the 
experimentally determined EHD friction/central film thickness and the corresponding 
numerical predictions has been observed. In a more recent study, Shirzadegan et al. 
(Shirzadegan et al. 2016) developed an analytical EHD friction/thermal model and 
compared its predictions against the measured coefficient of friction between a steel 
sphere and a flat disk. Very good agreement was achieved highlighting the success of 
the viscometric approach in predicting the EHD friction. 
  
2.3. Asperity interaction in EHD contacts 
Typical magnitudes for the central and the minimum film thickness in EHD 
conjunctions are found to be in the order of magnitude of 0.5 µm − 3 µm, meaning 
that direct metal-to-metal contact of the tips of their asperities is possible, hence 
contributing on the tribological performance of the contact. Heavy loading combined 
with reduced lubricant entraining velocity in the conjunction is one of the major 
causes of asperity interaction. In hypoid gear pairs, the loads supported are generally 
high and consequently, the possibility of asperity interaction during their operation 
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should be accounted for in a theoretical analysis. For that reason, a review on the past 
and current trends on the EHD considering the asperity interaction is presented in the 
following paragraphs. 
One of the first theoretical studies on the asperity interaction between two 
mating surfaces was performed by Greenwood and Williamson (Greenwood and 
Williamson 1966). They studied the contact between two nominally flat surfaces 
assuming that one of the surfaces is perfectly smooth while the other is rough due to 
the presence of the asperities (figure 2.6). Their model could predict the static normal 
load that could be supported by the asperities as well as the number of the asperities 
that would be deformed in order to support that load. It was shown that as the surface 
roughness of the mating surfaces increases, the asperities deform mainly plastically. 
Knowing the total load carried by the asperities, as well as the real area of contact, 
permitted the estimation of the asperity friction. 
 
Figure 2.6, Rough surfaces contact (after Greenwood and Williamson 
(Greenwood and Williamson 1966)) 
Greenwood and Tripp (Greenwood and Tripp 1970) extended the Greenwood-
Williamson model (Greenwood and Williamson 1966) assuming that both surfaces 
are rough. It was shown that any pair of rough flat surfaces can be represented by an 
equivalent pair of a smooth surface contacting a rough one. Christensen (Christensen 
1970) combined the theory of asperity interaction recommended by Greenwood and 
Williamson (Greenwood and Williamson 1966) with the theory of hydrodynamic 
lubrication, highlighting the influence of the lamda ratio (𝜆𝜆𝑠𝑠 = ℎ𝑐𝑐 𝜎𝜎𝑅𝑅𝑅𝑅𝑅𝑅⁄ ) on the 
magnitude of the boundary friction. Johnson et al. in 1972 (Johnson, Greenwood, and 
Poon 1972) were among the first to consider the interaction of the surface asperities in 
the EHD conjunctions, extending the work of Christensen (Christensen 1972). They 
combined the Greenwood-Williamson model of random rough surfaces in contact 
(Greenwood and Williamson 1966) with the existing EHD theory in order to estimate 
the influence of the contact load on the lubricant film thickness under heavy loading 
conditions where asperity interaction is significant. They concluded that the asperity 
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interaction does not generally affect the value of the film thickness in the conjunction 
since the stiffness of the lubricant is order of magnitude greater compared to the 
contact stiffness provided by the interaction of the tips of the asperities. Patir and 
Cheng in 1978 (Patir and Cheng 1978), presented the so called “average-flow” model 
by modifying the Reynolds equation using experimentally and numerically defined 
flow factors in order to account for the effect of the surface asperities on the flow of 
the lubricant in the conjunction. Their model was based on the numerical calculation 
of a set of those flow-factors the magnitude of which depends on the roughness 
parameters of the surfaces under examination. However, their model did not consider 
the elastic deflection of the mating surfaces, restricting the analysis and its 
corresponding outcomes to the case of hydrodynamic lubrication. In 1991, Chang and 
Webster (Chang and Webster 1991), based on the model proposed by Patir and Cheng 
(Patir and Cheng 1978), extended its applicability to the case of a time transient EHD 
line contact. In their study however, the lubricant was assumed to behave as a 
Newtonian fluid. The disturbances of the pressure and the film thickness profiles due 
to the presence of surface roughness have been highlighted. Evans et al (Evans, 
Snidle, and Sharif 2009) studied the influence of the asperity interaction in the line 
EHD conjunction of a gear pair. Their analysis was focused on the mixed regime of 
lubrication, extending the applicability of the mixed EHD theory on full scale 
systems.  
 
2.4. Thermal EHD 
 EHD conjunctions are generally characterised by a high amount of shear rate 
which, when combined with the high contact pressures encountered, can result in the 
generation of a significant amount of heat in the contact (Stachoviak and Batchelor 
2001). Due to this increased heat generation, the temperature of the lubricant at the 
centre of the conjunction is generally different to the bulk temperature. The 
temperature rise at the central region of the contact is responsible for the decrease of 
the lubricant at the same region, hence influencing the amount of the generated 
friction. 
The interest in determining the temperature field in EHD contacts can be 
traced back to the late 50s and early 60s in the studies of Crook (Crook 1958, 1961). 
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In those studies, Crook attempted to experimentally study the influence of the sliding 
speed on the film thickness and the traction coefficient of EHD line contacts. The 
coefficient of friction has been measured for a wide range of sliding speeds. A non-
linear response of the traction plots has been reported for higher sliding speeds, and 
this was partly attributed to the shear heating effects at the centre of the conjunction. 
Although a good indication of the effect of the thermal effects on the EHD friction 
has been achieved, this was not distinguished from the contribution of the non-
Newtonian response of the lubricant on the traction plots. Theoretical studies 
performed by Archard (Archard 1959) and Blok (Blok 1963) intended to predict the 
temperature rise between dry sliding surfaces. The theoretical analysis performed by 
Blok, although being based on numerous simplifying assumptions, it was validated 
successfully against experimental data for EHD contacts in the work of Nagaraj et al. 
(Nagaraj, Sanborn, and Winer 1978). An excellent study by Ausherman et al. 
(Ausherman et al. 1976) was the first (and one of the very few) studies attempting to 
measure the temperature of the lubricant at the point of contact of EHD conjunctions. 
The experimental technique was based on the measurement of the intensity of the 
infrared radiation emitted due to the heating of the lubricant. Although the geometry 
of the contact was only restricted to a sphere against a flat geometry, it provided a 
sufficient insight on how the temperature develops in an EHD conjunction.  
The inclusion of the thermal effects in the EHD numerical analysis did not 
gain much popularity until the 70s mainly because of the increased computational 
cost, since the energy equation has to be solved in addition to the Reynolds, elastic 
deflection and the load balance equations. The observations regarding the tractions 
curves made earlier by Crook (Crook 1961) were given a better explanation by 
Johnson and Greenwood (Johnson and Greenwood 1980). In their numerical analysis 
they assumed that the rheological behaviour of the lubricant can be described by the 
Ree-Eyring (Ree and Eyring 1955) using the constitutive equations recommended by 
Johnson and Tevaarwerk in 1977 (Johnson and Tevaarwerk 1977). The results 
showed that for low values of the slide to roll ratio coefficient the traction curve 
presents a linear behaviour with the slide to roll ratio. After exceeding a certain range 
of the slide to roll ratio, the traction plots become nonlinear. For moderate sliding 
speeds this non-linear behaviour has been attributed to the non-Newtonian response of 
the lubricant whereas for higher sliding speeds it was suggested that the shear heating 
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effect significantly contributes to this tractive response. Lee et al. in 1995 (Lee, Hsu, 
and Kuo 1995) performed a numerical study focusing on circular EHD contacts 
considering the thermal effects due to shear heating and assuming the lubricant is a 
Newtonian fluid. In order to efficiently solve the coupled equations describing the 
problem, a multilevel-multigrid solver was used decreasing the total computational 
time considerably. This study provided a better insight to the temperature distribution 
in EHD conjunctions. In 2001 Kim et al. (Kim et al. 2001a, 2001b) extended the 
study of Lee et al. (Lee et al. 1995) to account for the non-Newtonian response of the 
lubricant in the conjunction. Figure 2.7 illustrates the numerically predicted 
temperature distribution for increasing slide to roll ratio.  
 
Figure 2.7, Temperature rise along the direction of entraining motion for 
different slide/roll ratios (after Kim et al. (Kim et al. 2001a)) 
Yang et al. (Yang et al. 2004) performed a numerical study of the thermal line contact 
EHD problem considering non-Newtonian lubricant behaviour. The authors studied 
the influence of time transient normal as well as tangential loads applied to the 
contact. It was shown that both the normal and tangential contact load disturbances 
result in the creation of transient dimples in the contact zone. Moreover, it was 
observed that for the case of isothermal analysis, when the sliding speed increases, the 
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magnitude of the pressure spike (often called the Petrusevich spike because it was 
first observed by Petrusevich in 1951 (Petrusevich 1951)) decreases. This was 
attributed to the reduction of the viscosity of the lubricant due to the shear thinning 
effect. However, when the thermal effects are taken into account the pressure spike 
shape is being restored back to its original sharp shape due to the presence of the 
thermal wedge effect. A study by Kaneta et al. in 2006 (Kaneta, Shigeta, and Yang 
2006) focusing on the effect of several contact parameters on the pressure distribution 
in point and circular EHD contacts revealed that the thermal conductivities of the 
materials of the mating surfaces can have an influence on the pressure distribution of 
the lubricant in the conjunction. It was also observed that as the pressure – viscosity 
coefficient increases, the pressure spike at the outlet of the contact zone increases 
leading to increased contact fatigue of the mating surfaces. Almqvist and Larsson 
(Almqvist and Larsson 2008) studied the influence of the value of the Eyring stress on 
the temperature, film thickness and pressure distribution in EHD line contacts. The 
results suggested that the value of the Eyring stress can have a profound influence on 
the temperature distribution in the contact. It was also observed that the value of the 
Eyring stress does not have a considerable influence on the film thickness and the 
pressure distribution in the contact. Habchi et al. (Habchi et al. 2010) studied the 
influence of the lubricant parameters on the film thickness and the friction coefficient 
of heavily loaded circular EHD contacts. Their results suggested that the thermal 
effects due to shear heating in heavily loaded EHD contact can have a significant 
influence on the friction coefficient value because the oil parameters have a strong 
dependence upon the temperature. More specifically, it was found that the variation of 
the thermal parameters of the lubricant with the temperature yields different 
predictions of the coefficient of friction when compared with the predictions 
assuming that the thermal properties of the fluid are temperature independent. More 
recently, Bjorling et al. (Björling et al. 2014) as well as Habchi et al. (Habchi 2016) 
examined the influence of thermal insulating coatings (like DLC) on the EHD friction 
coefficient. A considerable reduction of the coefficient of friction was predicted when 
the mating surfaces are coated with such a coating. This is due to the higher contact 
temperature achieved when a thermal insulating coating is applied, yielding reduced 
central lubricant viscosity, reducing the viscous EHD traction. The application of such 
coatings on machine components such as gears and bearings has been suggested. 
Chapter 2, Literature Review 
 
23 
 
However, issues such as the pitting/scuffing resistance of the coated surfaces (and the 
substrate) as well as the cost of manufacturing are yet to be addressed.  
 
2.5. Gear dynamics 
 Full scale differential hypoid gear pairs operate under dynamic conditions 
(Cheng and Lim 2001), yielding time varying contact load between their mating teeth 
as well as phenomena such as resonance (Mohammadpour, Theodossiades, and 
Rahnejat 2013). Since the lubricant film in between the mating flanks is used to 
support this time varying contact load, it is thus concluded that the dynamic response 
of the system has a direct implication on its tribological performance (i.e. efficiency, 
frictional power loss etc.).  
Many approaches attempting to shed some light on the dynamics of gear pairs 
have been proposed since the beginning of the 20th century. According to Özgüven 
and Houser (Özgüven and Houser 1988) the dynamic models used to predict the 
response of gear pair conjunctions can be classified in five categories, (1) Simple 
dynamic factor models which aim to calculate the stresses developed in the gears due 
to dynamic loading. This is mainly done by using simple empirical relationships. (2) 
Models with tooth compliance where only the meshing stiffness of the mating teeth is 
taken into account considering the shafts, bearings and the other supporting 
equipment to be rigid. (3) Models for gear dynamics where the torsional stiffness of 
the rotating shaft as well as the linear stiffness of the supporting bearings is taken into 
account along with the meshing stiffness of the mating teeth. (4) Models for geared 
rotor dynamics where the lateral vibrations of the rotating shafts are taken into 
account. In such models the rotordynamic response of the rotating shafts is also taken 
into account. (5) Models for torsional vibrations where the mesh stiffness of the 
mating teeth is neglected. Only the torsional stiffness of the rotating shafts is 
considered.  
 One of the first theoretical studies considering the finite meshing stiffness of 
the gear teeth in conjunction was performed in 1950 by Tuplin (Tuplin 1950). In his 
study, the gears were represented by two equivalent masses interconnected by a linear 
spring representing stiffness of the mesh. Following those assumptions a simple two 
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degree of freedom dynamic model of the gear teeth in conjunction was constructed, 
being able to estimate the dynamic mesh force (contact force) experienced by the gear 
teeth. Harris (Harris 1958) performed an experimental study on spur gears. Using his 
rig he calculated the dynamic mesh force experienced by the gear teeth in 
conjunction. Based on the study of Harris (Harris 1958), Gregory et. al. (Gregory, 
Harris, and Munro 1964) studied experimentally the dynamic behaviour of spur gears. 
They concluded that the presence of backlash in gear teeth conjunctions can greatly 
influence their dynamic response since it is a major source of nonlinearity leading to 
tooth separation phenomena. Kohler et al. in 1969 (Kohler, Pratt, and Thompson 
1969) studied experimentally the dynamic response of parallel axes spur gear pairs 
focusing mainly on the noise emitted when operating. They concluded that the 
dynamic response and the dynamic loads of gear systems are primarily depend upon 
the magnitude of the static transmission error which they characterized as the most 
important parameter in terms of the dynamic response of the gear system. Özgüven 
and Houser in 1988 (Özgüven and Houser 1988) constructed a gear dynamics model 
able to predict the dynamic response of a spur gear pair. In their model they used a 
time varying mesh stiffness and the effect of the backlash nonlinearity was taken into 
account. Their model was reduced to a single degree of freedom model by coupling 
the rotational degrees of freedom of each gear in the pair using a linear expression for 
the dynamic transmission error. By doing that however, it is implicitly assumed that 
the contact radius of the pinion and the gear are constant through the time. This can be 
a relatively accurate assumption for spur gear pairs. However it fails when other types 
of gearing (i.e. helical or hypoid gear pairs) are investigated. The numerical results 
obtained by their study indicated that the variation of the mesh stiffness with time is a 
major source of parametric excitation and can be very influential on the dynamic 
response of the gear pair. In a theoretical study performed by Kahraman and Singh the 
dynamics of a spur gear pair were analysed. Their study focused mainly on the 
influence of the backlash nonlinearity on the dynamic response of the system and in 
order to save computational time the mesh stiffness was considered to be constant 
with time. Using this model, the separation and the impacts (single sided or double 
sided) between the mating gear teeth could be predicted with sufficient accuracy. 
Again, constant contact radius for the gear and the pinion were assumed leading to a 
reduction of the total degrees of freedom describing the dynamics of the system. 
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Figure 2.8, 1DOF dynamic model including the backlash non-linearity (after 
Kahraman and Singh (Kahraman and Singh 1990)) 
 A model proposed in 1991 by Özgüven (Özgüven 1991) was used in order to 
simulate the dynamic response of a spur gear pair taking into account the lateral and 
torsional vibrations of the rotating shafts due to the finite stiffness of the supporting 
bearings resulting in a 6 degrees of freedom model. The effects of the time varying 
mesh stiffness nonlinearity as well as the backlash non-linearity were both taken into 
consideration in this analysis. However, the dynamic transmission error was treated as 
a linear function of the rotational degrees of freedom describing the motion of the 
gear and the pinion and consequently the effect of the time varying contact radius of 
the gear and the pinion was not taken into account.  
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Figure 2.9, 6DoF Gear dynamic model (after Özgüven (Özgüven 1991)) 
An interesting study performed in 2000 by Parker et al. (Parker, Vijayakar, and Imajo 
2000) focusing on the numerical determination of the dynamic mesh forces in spur 
gear pairs, made use of a contact finite element algorithm in order to simulate the 
contact of the gear teeth in conjunction. Following that formulation, the dynamic 
mesh force as well as the meshing stiffness value was calculated during the execution 
of the algorithm for each time step of the solution. Theodossiades and Natsiavas 
(Theodossiades and Natsiavas 2000) studied the dynamics of spur gear pairs under 
conditions of simultaneous parametric resonance and principal external resonance. 
Under those conditions the solution of the system of non-linear differential equations 
describing the dynamic response of the system can be solved analytically by 
employing techniques used to solve piecewise linear systems. Their study showed that 
for some combinations of the system parameters the response of the systems may be 
chaotic. Vaishya and Singh (Vaishya and Singh 2001) studied the dynamic response 
of a spur gear pair considering the friction force acting on the mesh of the pair due to 
the relative sliding of their surfaces. The friction model used added an additional non-
linearity to the equation of motion since the model used to calculate the value of the 
coefficient of friction took into account contact parameters such as the instantaneous 
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effective radius of curvature of the contact and the contact load. Their model only 
took under consideration the torsional vibrations of the pair. However, the effect of 
the backlash nonlinearity in the dynamic response of the system was not taken into 
consideration in their analysis and consequently the tooth separation phenomena 
could not be observed. Although the theory needed in order to sufficiently model and 
simulate the dynamic response of gear pairs has been thoroughly studied and 
developed it was mainly used in order to study spur and bevel gear pairs mainly 
because of their relative simplicity compared to other types of gearing. Gosselin et al. 
in 2000 (Gosselin et al. 2000) using numerical techniques managed to measure the 
transmission error in loaded hypoid gear pairs. His results were validated against 
experimental data showing very good agreement. The calculation of the transmission 
error in hypoid gear pairs numerically is a very important development in the field of 
gear kinematics/dynamics since it can be used as a powerful tool in order to perform 
realistic dynamic analyses of hypoid pairs. A study by Theodossiades and Natsiavas 
(Theodossiades and Natsiavas 2001) was focused on the dynamic response of motor 
driven spur gear pairs with speed dependent resistive torque. Their analysis 
considered specified external loads and consequently the angular velocities of the 
pinion and the gear were determined by integrating the equations of motion of the 
system. That approach can be considered more realistic since in real life situations the 
output load of a system must be balanced with the input load and consequently both 
of them can be calculated a priori if one of them is known. On the other hand, the 
kinematics of a system always obey to the equations of motion describing it and 
consequently their solution is needed in order to be calculated correctly. A numerical 
study by Diab et al. (Diab, Ville, and Velex 2006) was performed in order to predict 
the mechanical efficiency of spur gear pairs operating under EHD contact conditions. 
The mesh friction coefficient was predicted using existing analytical relationships 
from the literature. Their results did not come to a good agreement with the 
experimental data since the value of the coefficient of friction was calculated using 
analytical relationships derived by studies which neglected the effect of the squeeze 
film effect as well as the non-Newtonian behaviour of the lubricant. It is now well 
accepted that those non-linearities in the flow and the rheology of the lubricant can 
have a very serious influence on the value of the traction force and consequently on 
the friction coefficient of the contact. Wang et al. (Wang, Lim, and Li 2007) 
performed a numerical study on the dynamics of hypoid gear pairs. The backlash non-
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linearity as well as the effect of the time varying mesh stiffness was taken into 
account in their study. However, the effect of the time varying contact radius of the 
pinion and the gear were not taken into account. Their study revealed the strong 
dependence of the dynamic response of the system on parameters such as the load and 
the mesh damping. It was shown that in lightly loaded and lightly damped pairs the 
response of the system is more likely to demonstrate nonlinearities such as nonlinear 
jump or chaotic behaviour as predicted by Theodossiades and Natsiavas 
(Theodossiades and Natsiavas 2001) for spur gear pairs. A study by Liu and Parker 
(Liu and Parker 2009) studied the influence of the time varying friction force as well 
as the time varying bending of the gear teeth due to the high contact forces in a spur 
gear pair. Their analysis revealed that both the time varying friction forces on the gear 
teeth as well as the time varying bending can have a significant contribution on the 
stability of the system. Wang and Lim (Wang and Lim 2009) in their numerical study 
on hypoid gear pair dynamics, focused on the influence of the asymmetric mesh 
stiffness on the response of the system. In actual hypoid gear pairs, the value of the 
mesh stiffness of the drive side is different than that of the coast side due to the 
different geometry of the mating surfaces. The results of their study revealed that the 
mesh stiffness of the drive side has more influence on the dynamic response of the 
stiffness in comparison with the mesh stiffness of the coast side. Guilbault et al. 
(Guilbault, Lalonde, and Thomas 2012) constructed a numerical model in order to 
study the dynamic response of spur gear pairs. The novelty in their analysis was that 
the damping ratio value used was calculated analytically using a novel approach. In 
the majority of the published literature, the value of the damping ratio used is almost 
always taken to be 8% (Guilbault et al. 2012). However, this value is determined 
experimentally for specific gear, lubricant and loading configurations. In their study 
however the damping ratio value was calculated by considering the system damping 
(not related with the teeth conjunction), the material hysteresis due to the contact of 
the teeth as well as the damping due to the squeeze film action of the lubricant in the 
contact by using the time transient Reynolds equation. Their results suggested that the 
damping due to the squeeze film action of the lubricant is decreased by increasing the 
applied contact load. Typical damping ratio values determined from their analysis 
were ranging from 5.3% to 8%. A study by Lu et al. (Lu et al. 2013) on spur gear 
pairs examined the dynamic behaviour of the system by implementing a stochastic 
backlash model. More specifically, the value of the backlash in a gear pair is greatly 
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depended upon the manufacturing accuracy of the cutting tools as well as the errors 
during the assembly of the system. It was shown that the value of the backlash can 
influence the response of the system significantly. This means that even a slight error 
during the assembly of the pair can result in an unwanted dynamic response. 
Karagiannis and Theodossiades (Karagiannis and Theodossiades 2013) performed a 
numerical study focusing on the dynamic behaviour of hypoid gear pairs. In their 
study they used an alternative formulation of the dynamic transmission error in order 
to take into account the time varying contact radius of the gear and the pinion. Using 
this approach, they were able to reduce the total degrees of freedom describing the 
torsional vibrations of the system for 2 to 1. It should be mentioned that the reduction 
of the degrees of freedom of the system was a technique already used by several 
researchers (i.e. (Kahraman and Singh 1990)) however, the variation of the contact 
radius of the gear and the pinion was not considered. Li and Kahraman (Li and 
Kahraman 2013) in their numerical study they coupled the equations of motion with a 
line contact mixed EHD solver for a spur gear pair. The lubricant was assumed to 
behave as a non-Newtonian Ree-Eyring fluid. Mohammad-Pour et al. 
(Mohammadpour et al. 2013) studied the dynamics of a hypoid gear pair again by 
using a numerical model. Their model, except from the torsional vibrations of the gear 
and the pinion, considered the lateral as well as the axial vibrations of the rotating 
shafts due to the finite supporting bearing stiffness and the finite axial stiffness of the 
shafts respectively. The friction forces acting on the teeth flanks due to the presence 
of the lubricant were calculated using an analytical relationship provided by Evans 
and Johnson (Evans and Johnson 1986). In order to be able to calculate the 
instantaneous contact radius of the gear and the pinion as well as the time varying 
values of the mesh stiffness and the static transmission error, they used the Tooth 
Contact Analysis (TCA) method.  
 
2.6. Integrating tribology and gearing theory 
 Integrating the EHD theory presented in the above sections with the study of 
gears can yield useful information about the mechanisms and their contribution on the 
tribological performance of the gear pair under examination, highlighting the 
influence of various lubricant related parameters on a full scale system.  
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 The first theoretical study to consider the effect of the EHD in a hypoid gear 
pair was that performed by Simon (Simon 1981). In this study, the thermal effects 
arising due to the shear heating of the lubricant were taken into consideration and 
consequently the temperature distribution in the contact as well as its influence upon 
the density and the viscosity of the lubricant could be predicted. The result suggested 
that the isothermal solution of the EHD problem generally overestimates the load 
capacity of the contact. It was also shown that the overall performance of the hypoid 
pair greatly depends on the mating position of the pinion and the gear teeth, and hence 
the geometry of the contact footprint. However, the tooth loads considered were 
significantly less in comparison with those found under common operating conditions 
in hypoid gear pair units. Simon (Simon 2009) studied the influence of the machine 
tool setting parameters on the power losses of hypoid gear pairs. In this study, the 
thermal point contact EHD theory was used. One of the first studies considering the 
full tribodynamic effects in gear pairs was performed by Li and Kahraman (Li and 
Kahraman 2011). In their study, in which a spur gear pair was considered, the line 
contact isothermal EHD approach was followed. The non-Newtonian response of the 
lubricant was captured by employing the Ree-Eyring model (Ree and Eyring 1955). 
The component of friction due to the interaction of the asperities was also accounted 
for. The gear dynamics formulation used did take into account the backlash 
nonlinearity as well as the time varying mesh stiffness and the time varying static 
transmission error nonlinearities. The results indicated that there are major differences 
in terms of the tribological behaviour of the fluid film between the static and the 
dynamic treatments of the EHD problem, particularly when the film thickness is 
considered. Despite the fact that the Reynolds equation was numerically solved, the 
thermal effects at the centre of the conjunction due to the heating of the lubricant were 
not accounted for. Hence, the applicability of the aforementioned approach towards 
predicting the conjunctional friction and ultimately the mechanical efficiency can be 
considered limited. Karagiannis et al. (Karagiannis, Theodossiades, and Rahnejat 
2012) used a Grubin type EHD approach, in conjunction with a simplified thermal 
model, in order to predict the conjunctional friction in hypoid gear pairs. The torsional 
dynamics of the gear pair were also taken into consideration. The lubricating oil was 
treated as a non-Newtonian fluid and the Ree-Eyring model was used in order to 
account for its rheological response. The boundary lubrication effects were taken into 
account by employing the Greenwood-Tripp model of asperity interaction 
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(Greenwood and Tripp 1970). A study of the EHD of hypoid gear pairs for high 
loading conditions was performed by Mohammad-Pour  et al. (Mohammadpour, 
Theodossiades, and Rahnejat 2012). In this study the point contact EHD problem in a 
hypoid gear pair conjunction was solved and the geometry/kinematics related inputs 
of the Reynolds equation, such as the velocity of the mating surfaces and the contact 
radius of curvature, were determined using the Tooth Contact Analysis (TCA) 
technique. This was amongst the first attempts to employ the elliptical point contact 
EHD theory on hypoid gear pair units under realistic loading conditions. 
 
Figure 2.10, Illustration of the contact pattern in a hypoid pinion calculated 
through TCA (after Mohammad-Pour  et al. (Mohammadpour et al. 2012)) 
De la Cruz et al. (De la Cruz et al. 2012) performed a transient mixed thermo-
elastohydrodynamic analysis in a multispeed transmission system composed by 
helical gears. The line contact EHD theory was used. Finally, the cavitation effects at 
the outlet of the conjunction were also taken into consideration using the Elrod 
cavitation algorithm (Elrod 1981). Kolekar et al. (Kolekar et al. 2013) developed a 
simple analytical friction model to estimate the frictional power losses of a rear 
differential unit. The effect of the bearing and churning power losses was also 
accounted for in addition to the conjunctional loss. Despite the fact that the lubricant 
employed were not characterised using viscometric data, the predictions of the model 
were in a sufficiently good agreement with the experimental measurements for a wide 
range of operating conditions. The influence of the dynamic phenomena, such as 
resonance, on the efficiency of gearing has been examined by Li (Li 2015) as well as 
by Li et al. (Li and Anisetti 2016). Although those analyses were focused on spur gear 
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pair conjunctions, the basic mechanisms of power loss under resonance have been 
highlighted. It was shown that when operating under resonance, the conjunctional 
efficiency deteriorates, since the dynamic contact load is significantly higher than that 
corresponding to quasi-static conditions, hence increasing friction. In a more recent 
study, Talbot et al. (Talbot et al. 2016) developed a theoretical model capable of 
estimating the bearing, seal, churning and the conjunctional power losses of a rear 
axle differential unit. Good agreement with the experimental data was achieved, 
indicating the major sources of power loss under a wide range of operating conditions.   
 
2.7. Discussion on the existing literature 
 Although the current literature surrounding the EHD theory of lubrication is 
quite rich its application on full scale systems, and more particularly on hypoid gear 
pairs, has not been greatly explored. Experimental measurements of the power losses 
on hypoid gear pair units are not capable of distinguishing between the different 
sources of friction, hence the effect of the lubricant formulation and the contact 
kinematics/dynamics cannot be identified. The existing theoretical treatments 
studying the lubrication of gears are not focused towards the influence of different 
lubricant formulation on the amount of power loss. Regarding the treatment of the 
EHD lubrication problem, there seems to be a lag between the current developments 
in the EHD theory of lubrication and its application on gearing systems. New 
rheological models describing the high shear rheology of modern fully formulated 
lubricants have been recommended and significant emphasis has been given on the 
elaborate characterisation of their viscosity at higher pressure. It is through those 
parameters that the differences in the tractive behaviour of each fluid is realised. 
Further to that, there are very few studies examining the impact of dynamic 
phenomena, such as the resonance, on the conjunctional power losses of hypoid gear 
pair units. The present study attempts to fill this gap in the existing literature. More 
particularly, allow the implementation of high shear/pressure viscometric data 
available for different gear oil formulations permitting the investigation of their 
impact on the efficiency of the unit. 
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Chapter 3, Lubrication Analysis 
 Hypoid gear pair conjunctions operate under the elastohydrodynamic (EHD) regime 
of lubrication (Simon 1981; Xu and Kahraman 2007). As mentioned in the previous chapters, 
the EHD regime of lubrication is described by a significant amount of elastic deflection of the 
mating surfaces combined with a dramatic increase of the lubricant viscosity at the central 
region of the conjunction due to the high contact pressure (Spikes 2006). Furthermore, and 
since the central film thickness is within the order of µm (Hamrock and Dowson 1976) 
combined with a considerable amount of sliding between the surfaces in conjunction, the 
viscous shear stress experienced is usually high enough to lead to non-Newtonian response of 
the lubricant employed (Johnson and Tevaarwerk 1977; Tevaarwerk and Johnson 1979). 
Further to the non-Newtonian response of the lubricant, shear heating effects are almost 
always important enough to considerable increase the temperature of the lubricant at the 
centre of the conjunction and hence influence the EHD friction (Ausherman et al. 1976; Yang 
and Wen 1992). Consequently, a successful tribological analysis of EHD conjunction, both in 
terms of determining the film thickness as well as in terms of determining the coefficient of 
friction, should account for the aforementioned phenomena.  
In the present chapter, the methodology which is followed in order to calculate the 
flank friction between the meshing teeth of a hypoid gear pair is presented. It is assumed that 
the major sources of flank friction are the viscous friction, due to the shearing of the lubricant, 
as well as the friction force due to the interaction of the asperities, existing on the mating 
surfaces. There is currently a plethora of authors who follow the approach described above in 
order to predict the friction in practical engineering problems. Arcoumanis et al. (Arcoumanis, 
Ostovar, and Mortier 1997), performed a numerical study focusing on the prediction of the 
friction force for the case of a piston – ring contact under conditions of mixed lubrication. In 
their analysis, the total friction force acting on the interface was split into two parts, one due 
to the effect of the viscous component and one due to the interaction of the asperities. It was 
assumed that the total friction force is the sum of the individual contributions of the viscous 
part and the asperity friction part. Teodorescu et al. (Teodorescu et al. 2003) followed the 
same approach in order to predict the friction force in cam – tappet EHL contact, whereas De 
la Cruz et al. (De la Cruz et al. 2012) applied this methodology on helical gear pairs. Finally, 
Karagiannis et al. (Karagiannis 2013) and Mohammad-Pour et al. (Mohammadpour, 
Theodossiades, Rahnejat, and Kelly 2013; Mohammadpour, Theodossiades, Rahnejat, and 
Saunders 2013) used the same technique on hypoid gear pair conjunctions.  
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In the following sections, the boundary and the viscous components of friction are 
treated and formulated separately, since the underlying theory behind their calculation is 
based on different physical approaches. Initially, the procedure followed in order to calculate 
the viscous friction force will be described. The prediction of the viscous friction, and the 
lubricant film thickness, is performed both numerically and analytically. The numerical 
prediction of the aforementioned parameters will be based both on the assumption that the 
lubricant behaves as a non-Newtonian fluid, considering the shear – thinning response of the 
lubricant due to the presence of polymers in the blend. The analytical prediction of the film 
thickness and the flank friction are based on the employment of the extrapolated equations of 
Chittenden and Dowson (Chittenden et al. 1985a) for the minimum and the central lubricant 
film thickness in point contact. Several simplifying assumptions are performed when this 
approach is followed in order to reduce the complexity of the equations involved. To account 
for the increase of the temperature of the lubricant due to the action of Inlet Shear Heating 
(ISH) and the shear heating at the centre of the conjunction an analytical thermal model has 
also been developed. Finally, the contribution of the asperity interaction on the flank friction 
force is calculated through the use of the model recommended by Greenwood and Tripp (J. A. 
Greenwood & Tripp, 1970).  
 
3.1. Newtonian EHD 
A first step towards the understanding of the lubrication of hypoid gears is based on the 
solution of the hard EHL (piezoviscous – elastic) problem for the lubricant between the 
mating teeth by assuming that this behaves as a Newtonian fluid. The Newtonian treatment of 
the lubricant can lead to satisfactory approximations of the film thickness distribution in the 
conjunction as soon as the molecular weight of the lubricant is relatively low and the effect of 
the shear thinning at the inlet of the conjunction is mitigated. More accurate predictions of the 
lubricant film thickness and of the conjunctional viscous friction can be made when the non-
Newtonian response of the lubricant in the contact is taken into account. In order to be able to 
predict the film thickness distribution, the EHD pressure distribution and finally the viscous 
friction force in the conjunction, the Reynolds equation (Reynolds 1886) along with the 
elasticity equation (Timoshenko and Goodier 1951) have to be solved simultaneously so that 
both the pressure increase due to the effect of the hydrodynamic action and the local elastic 
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deformation of the mating surfaces are taken into account. Equations (3.1) – (3.2) represent 
the Reynolds and the elasticity equations respectively.  
𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝜌𝜌ℎ3
𝜂𝜂
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� + 𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝜌𝜌ℎ3
𝜂𝜂
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� = 12 �𝜕𝜕(𝜌𝜌ℎ𝑈𝑈)
𝜕𝜕𝜕𝜕
+ 𝜕𝜕(𝜌𝜌ℎ𝑉𝑉)
𝜕𝜕𝜕𝜕
+ 𝑑𝑑(𝜌𝜌ℎ)
𝑑𝑑𝑑𝑑
�       (3.1) 
𝛿𝛿(𝜕𝜕,𝜕𝜕) = 1
π𝐸𝐸∗
�
𝜕𝜕𝑑𝑑𝜕𝜕1𝑑𝑑𝜕𝜕2
�(𝜕𝜕 − 𝜕𝜕1)2 + (𝜕𝜕 − 𝜕𝜕1)2𝐴𝐴                                                (3.2) 
The local elastic deflection 𝛿𝛿(𝜕𝜕, 𝜕𝜕)  will influence (and be influenced by) the pressure 
distribution in the conjunction since it is coupled with equation (3.1) through the lubricant 
film thickness: 
ℎ(𝜕𝜕,𝜕𝜕) = ℎ0 + 𝑔𝑔(𝜕𝜕,𝜕𝜕) + 𝛿𝛿(𝜕𝜕, 𝜕𝜕)     (3.3) 
The EHL problem within the conjunction is solved as soon as equations (3.1) – (3.3) are 
satisfied simultaneously. The factor ℎ0  appearing in equation (3.3) represents the un-
deflected profile separation in the conjunction, whereas the function 𝑔𝑔(𝜕𝜕,𝜕𝜕) corresponds to 
the contribution of the un-deflected profile geometry on the film thickness. The value of 
𝑔𝑔(𝜕𝜕,𝜕𝜕) can be calculated for each point within the conjunction by applying: 
𝑔𝑔(𝜕𝜕,𝜕𝜕) = 𝜕𝜕22𝑅𝑅𝑧𝑧𝑧𝑧 + 𝜕𝜕22𝑅𝑅𝑧𝑧𝑧𝑧      (3.4) 
The local radii of curvature along the direction of entraining motion and along the side 
leakage direction, 𝑅𝑅𝑧𝑧𝑧𝑧  and 𝑅𝑅𝑧𝑧𝑧𝑧  respectively, are determined through the Tooth Contact 
Analysis (TCA) and correspond to a specific instance of the pinion angle. Figure 3.1 
illustrates a typical mid-plane cross section of the film thickness within an EHD contact and 
indicates the contribution of each one of the terms appearing in the film thickness equation 
(equation (3.3)).  
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Figure 3.1, Mid-plane cross section of the film thickness within an EHD contact 
The local contact geometry of the point at which the pinion and the ring gear come in contact 
is represented by the contact of two equivalent ellipsoidal bodies, each one representing a 
member of the contact pair (pinion and gear). The local contact radii of each one of those two 
bodies is then used in order to calculate the contact radii of one equivalent ellipsoid which is 
in contact with a flat surface. Parameters 𝑅𝑅𝑧𝑧𝑧𝑧  and 𝑅𝑅𝑧𝑧𝑧𝑧  represent the contact radii of this 
equivalent ellipsoid. Figure 3.2 illustrates the local, un-deformed, contact geometry in the 
conjunction. 
 
Figure 3.2, Local contact geometry in the conjunction 
In addition to equations (3.1) – (3.3), the load balance equation must also be satisfied, as soon 
as the hydrodynamic action of the lubricant should be able to support it. Equation (3.5) is 
used in order to calculate the load which can be supported by the EHD action of the lubricant 
for a given pressure distribution.  
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𝑊𝑊 = �𝜕𝜕𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕
𝐴𝐴
     (3.5) 
The increase of the low shear dynamic viscosity of the lubricant, due to the effect of the high 
EHD pressure in the contact, is calculated according to Roelands (Roelands 1966) as: 
𝜂𝜂 = 𝜂𝜂0𝑒𝑒�[ln(𝜂𝜂0)+9.67]�−1+�1+5.1∙10−9𝑃𝑃�𝑍𝑍��     (3.6) 
The Roelands 𝑍𝑍 parameter can be calculated according to Houpert (Houpert 1985) as: 
𝑍𝑍 = 𝛼𝛼∗5.1 ∙ 10−9(ln(𝜂𝜂0) + 9.67)      (3.7) 
Finally, the increase of the density variation of the lubricating oil due to the EHD pressure 
can be calculated according to Dowson and Higginson (Dowson and Higginson 1966) as: 
𝜌𝜌 = 𝜌𝜌0 �1 + 𝛼𝛼𝐷𝐷𝐷𝐷𝑃𝑃𝐸𝐸∗1 + 𝛽𝛽𝐷𝐷𝐷𝐷𝑃𝑃𝐸𝐸∗�      (3.8) 
 
3.2. Non-Newtonian EHD 
For the case of hypoid gear pair conjunction, the shear rate experienced by the 
lubricant is high enough to result in shear thinning of the lubricant, as reported by 
Mohammad-Pour et al. (Mohammadpour, Theodossiades, Rahnejat, and Saunders 2013). 
This means that the lubricant in the conjunction cannot be considered as a Newtonian fluid. 
Since the derivation of the Reynolds equation itself (equation (3.1)) is based on this 
assumption, this has to be derived, and eventually modified, in order to account for the non-
Newtonian response of the lubricant. There is a plethora of non-Newtonian models reported 
in the literature which are deemed capable of describing the shear thinning response of 
lubricants in EHD conjunctions. The Eyring-like model (Ree and Eyring 1955), is among the 
first to be considered and used extensively to describe this phenomenon, for the case of 
lubricants in EHD conjunctions (Johnson and Tevaarwerk 1977). The adequacy of this model 
on lubricant applications is supported by many authors up to this date (Spikes and Jie 2014) 
as well as (Mohammadpour, Theodossiades, Rahnejat, and Saunders 2013). The constitutive 
relationship used to describe the dependence of the shear rate on the applied shear stress is 
described by equation (3.9), and corresponds to 1-dimensional flow. 
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?̇?𝛾 = 𝜏𝜏0,𝐸𝐸𝑧𝑧
𝜂𝜂
sinh� 𝜏𝜏
𝜏𝜏0,𝐸𝐸𝑧𝑧�       (3.9) 
As seen from equation (3.9), when the shear stress applied is much lower compared with the 
Eyring stress 𝜏𝜏0,𝐸𝐸𝑧𝑧 , the term sinh � 𝜏𝜏𝜏𝜏0,𝐸𝐸𝐸𝐸� ≈ 𝜏𝜏𝜏𝜏0,𝐸𝐸𝐸𝐸  which in turn, when substituted in (3.9), 
yields the simple Newtonian shear model. It is regarded that the Eyring stress, which is a 
characteristic of the lubricant, marks the onset of shear thinning (Tevaarwerk and Johnson 
1979). When the value of the applied viscous shear stress 𝜏𝜏 exceeds the Eyring value 𝜏𝜏0,𝐸𝐸𝑧𝑧, 
then the shear thinning becomes significant and must be taken into account. This is the case 
for the vast majority of EHD conjunction, including the ones between the teeth of hypoid 
gears. In addition to the Eyring – like model, there have been many exponential constitutive 
relationships which, unlike the Eyring – like model, are based on interpolation of data which 
come from high shear rheometers. Some of the most widely used ones are listed in table 3.1 
which is according to Bair (Bair 2007). 
Model Generalized viscosity 
Newtonian 𝜂𝜂𝑒𝑒 = 𝜂𝜂 
Ostwald – de Waele 
𝜂𝜂𝑒𝑒 = 𝜂𝜂 �𝜏𝜏𝐺𝐺�1−1 𝑛𝑛⁄  
Ellis 𝜂𝜂𝑒𝑒 = 𝜂𝜂2 + 𝜂𝜂 − 𝜂𝜂21 + �𝜏𝜏𝐺𝐺��1𝑛𝑛−1� 
Ferry 𝜂𝜂𝑒𝑒 = 𝜂𝜂2 + 𝜂𝜂 − 𝜂𝜂21 + �𝜏𝜏𝐺𝐺� 
Rabinowitsch 𝜂𝜂𝑒𝑒 = 𝜂𝜂2 + 𝜂𝜂 − 𝜂𝜂21 + �𝜏𝜏𝐺𝐺�2 
Bair and Khonsari 𝜂𝜂𝑒𝑒 = 𝜂𝜂2 + 𝜂𝜂 − 𝜂𝜂2
�1 + �𝜏𝜏𝐺𝐺�2�1𝑛𝑛−12
 
Bair 𝜂𝜂𝑒𝑒 = 𝜂𝜂2 + 𝜂𝜂 − 𝜂𝜂2
�1 + �𝜏𝜏𝐺𝐺�𝑎𝑎�1𝑛𝑛−1𝑎𝑎
 
Table 3.1, Common rheological models used in the EHD theory (after Bair (Bair 2007)) 
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For the majority of the models described above, the determination of the constant parameters 
in the corresponding equations is performed by interpolating primary laboratory data from 
high shear viscometers. In this table, 𝜂𝜂𝑒𝑒  represents the equivalent generalised Newtonian 
viscosity which corresponds to the ratio of the shear stress 𝜏𝜏 vs. the shear rate ?̇?𝛾 reading from 
the high shear rheometer directly. For the gear oils presented in the present study, it is found 
that the rheological model that effectively captures the high shear response of their viscosity 
is the model recommended by Havriliak and Negami (Havriliak and Negami 1967), which is 
a model very similar to the very well know Carreau – Yasuda model (Carreau, De Kee, and 
Chhabra 1997). The constitutive relationship of the Havriliak – Negami model is described as: 
𝜏𝜏 = 𝜂𝜂[1 + (𝜆𝜆?̇?𝛾)𝛼𝛼𝐻𝐻𝐻𝐻]𝛽𝛽𝐻𝐻𝐻𝐻 ?̇?𝛾      (3.10) 
The coefficients 𝛼𝛼𝐷𝐷𝐻𝐻, 𝛽𝛽𝐷𝐷𝐻𝐻 and 𝜆𝜆 appearing in (3.10) are determined through curve fitting of 
the rheological model to the high shear viscosity data of a given lubricant. The exact values 
of the aforementioned coefficients for the lubricants under examination are provided in 
Chapter 5.  
 In order to be able to predict the lubricant pressure distribution, the film thickness and 
ultimately the flank friction, the Reynolds equation (equation (3.1)) must be modified 
accordingly in order to account for the non-Newtonian response of the lubricant. In the 
present study, in order to extend the applicability of the EHD model by taking into account 
different shear thinning models, the generalized Newtonian representation of the shear stress 
vs. shear rate constitutive relationships is going to be adopted. In that sense, the shear rate at 
each position within the EHD contact can be related to the applied shear stress using: 
𝜏𝜏𝑧𝑧𝑧𝑧 = 𝜂𝜂𝑒𝑒 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕       (3.11) 
𝜏𝜏𝑧𝑧𝑧𝑧 = 𝜂𝜂𝑒𝑒 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕       (3.12) 
In equations (3.11) and (3.12) 𝜂𝜂𝑒𝑒  represents the equivalent generalized viscosity of the 
lubricant, which in turn can be calculated using: 
𝜂𝜂𝑒𝑒 = 𝜂𝜂𝐹𝐹(?̇?𝛾𝑒𝑒)      (3.13) 
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In equation (3.13), 𝜂𝜂 represents the low shear dynamic viscosity of the lubricant which is a 
function of pressure and temperature. The non-Newtonian rheological function 𝐹𝐹(?̇?𝛾𝑒𝑒)  is 
employed in order to account for the alterations of the effective viscosity of the lubricant 
(which is the one measured by the high shear rheometers) due to the imposed high shear rate. 
For the case of shear thinning polymeric solutions (lubricants fall in this category) its value is 
always greater that unity, which leads to a subsequent decrease of the effective viscosity, and 
hence shear thinning of the lubricant. The case where 𝐹𝐹(?̇?𝛾𝑒𝑒) = 1 indicates that the fluid 
behaves as a Newtonian fluid. If 𝐹𝐹(?̇?𝛾𝑒𝑒) < 1this means that the effective viscosity has been 
increased, in comparison with its low shear value, and consequently the lubricant is behaving 
as a shear thickening fluid, which is incompatible for the case of the lubricants examined. 
The analytical relationship of the non-Newtonian rheological function can be determined by 
assuming a plethora of rheological models, as for example the ones listed in table 3.1. One 
example can be given by assuming the non-Newtonian Havriliak – Negami model described 
by equation (3.10). For the case of a general 2-dimensional flow, the constitutive equations 
for the shear behaviour of the fluid are given by: 
?̇?𝛾𝑧𝑧𝑧𝑧 = 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 = 𝜏𝜏𝑧𝑧𝑧𝑧𝜂𝜂 [1 + (𝜆𝜆?̇?𝛾𝑒𝑒)𝛼𝛼𝐻𝐻𝐻𝐻]𝛽𝛽𝐻𝐻𝐻𝐻       (3.14) 
?̇?𝛾𝑧𝑧𝑧𝑧 = 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 = 𝜏𝜏𝑧𝑧𝑧𝑧𝜂𝜂 [1 + (𝜆𝜆?̇?𝛾𝑒𝑒)𝛼𝛼𝐻𝐻𝐻𝐻]𝛽𝛽𝐻𝐻𝐻𝐻       (3.15) 
Where, ?̇?𝛾𝑒𝑒 = �(?̇?𝛾𝑧𝑧𝑧𝑧)2 + �?̇?𝛾𝑧𝑧𝑧𝑧�2 is the equivalent (total) shear stress acting on the fluid at a 
given point. Rearranging (3.14) and (3.15) in order to bring then to a form similar to (3.11) 
and (3.12), yields the non-Newtonian rheological function 𝐹𝐹(?̇?𝛾𝑒𝑒) according to: 
𝐹𝐹(?̇?𝛾𝑒𝑒) = [1 + (𝜆𝜆?̇?𝛾𝑒𝑒)𝛼𝛼𝐻𝐻𝐻𝐻]𝛽𝛽𝐻𝐻𝐻𝐻       (3.16) 
Equation (3.16) is the non-Newtonian rheological function for the Eyring-like model. The 
force equilibrium at the elemental flow unit, neglecting the variations of forces along the 𝜕𝜕 
direction (across the film direction) as well as the body forces, yields equations (3.17) and 
(3.18) (Cameron 1966) along the 𝜕𝜕 and 𝜕𝜕 directions, which correspond to the direction of the 
lubricant entraining motion and the side leakage direction respectively.  
𝜕𝜕𝜏𝜏𝑧𝑧𝑧𝑧
𝜕𝜕𝜕𝜕
= 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
      (3.17) 
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𝜕𝜕𝜏𝜏𝑧𝑧𝑧𝑧
𝜕𝜕𝜕𝜕
= 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
      (3.18) 
Substituting (3.11) and (3.12) into (3.17) and (3.18) and assuming that the pressure 𝜕𝜕 does 
not vary significantly across the film (the 𝜕𝜕 direction) at least for a wide range of low shear 
dynamic viscosity fluid, which is a valid statement as shown by Hartinger et al. (Hartinger et 
al. 2008), permits the integration of those equations along the 𝜕𝜕 direction. Following this 
procedure yields: 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
= 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕
𝜂𝜂𝑒𝑒
+ 𝑐𝑐1𝑧𝑧      (3.19) 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
= 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕
𝜂𝜂𝑒𝑒
+ 𝑐𝑐1𝑧𝑧      (3.20) 
An examination of equations (3.19) and (3.20) indicates that 𝜂𝜂𝑒𝑒 = 𝑓𝑓�𝐹𝐹(?̇?𝛾𝑒𝑒)� which means 
that the effective viscosity is a function of the across the film distance. Hence, the additional 
integration along the 𝜕𝜕  direction of equations (3.19) and (3.20), in order to derive the 
equations describing the fluid velocity distribution as a function of the across the film 
distance, is not possible in an analytical manner. This is generally the case for the vast 
majority of the non-Newtonian rheological models since the rheological function 𝐹𝐹(?̇?𝛾𝑒𝑒) 
cannot be analytically integrated across the film. An additional integration of equations (3.19) 
and (3.20) with respect to 𝜕𝜕 yields: 
𝜕𝜕 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝜕𝜕
𝜂𝜂𝑒𝑒
𝑑𝑑𝜕𝜕
𝑧𝑧
0
+ 𝑐𝑐1𝑧𝑧𝜕𝜕 + 𝑐𝑐2𝑧𝑧      (3.21) 
𝜕𝜕 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝜕𝜕
𝜂𝜂𝑒𝑒
𝑑𝑑𝜕𝜕
𝑧𝑧
0
+ 𝑐𝑐1𝑧𝑧𝜕𝜕 + 𝑐𝑐2𝑧𝑧       (3.22) 
The unknown integration constants appearing in equations (3.21) and (3.22), 𝑐𝑐1𝑧𝑧, 𝑐𝑐2𝑧𝑧, 𝑐𝑐1𝑧𝑧 and 
𝑐𝑐2𝑧𝑧 can be determined by applying the no-slip boundary conditions. It is assumed that the 
pair of surfaces in conjunction (in the case of hypoid gears, the pinion and the ring gear tooth 
surface at the point of contact) have uniform velocities all over the computational domain. 
This is a safe assumption since the dimensions of the computational domain are orders of 
magnitude lower as compared to the bulk dimensions of the machine elements examined, i.e. 
gears, and consequently any variations of the velocity distribution due to spatial variations 
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can be neglected. Finally, by applying 𝜕𝜕(𝜕𝜕 = 0) = 𝜕𝜕1 , 𝜕𝜕(𝜕𝜕 = ℎ) = 𝜕𝜕2 , 𝜕𝜕(𝜕𝜕 = 0) = 𝜕𝜕1  and 
𝜕𝜕(𝜕𝜕 = ℎ) = 𝜕𝜕2 yields: 
𝜕𝜕 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝜕𝜕′
𝜂𝜂𝑒𝑒
𝑑𝑑𝜕𝜕′
𝑧𝑧
0
+ 𝜕𝜕
ℎ
(𝜕𝜕2 − 𝜕𝜕1) − 𝜕𝜕ℎ 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕� 𝜕𝜕𝜂𝜂𝑒𝑒 𝑑𝑑𝜕𝜕ℎ
0
+ 𝜕𝜕1      (3.23) 
𝜕𝜕 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝜕𝜕′
𝜂𝜂𝑒𝑒
𝑑𝑑𝜕𝜕′
𝑧𝑧
0
+ 𝜕𝜕
ℎ
(𝜕𝜕2 − 𝜕𝜕1) − 𝜕𝜕ℎ 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕� 𝜕𝜕𝜂𝜂𝑒𝑒 𝑑𝑑𝜕𝜕ℎ
0
+ 𝜕𝜕1      (3.24) 
The mass flow rate along the 𝜕𝜕 and 𝜕𝜕 axis of the elemental flow unit is given by: 
𝑚𝑚𝑧𝑧 = 𝜌𝜌�𝜕𝜕𝑑𝑑𝜕𝜕ℎ
0
      (3.25) 
𝑚𝑚𝑧𝑧 = 𝜌𝜌�𝜕𝜕𝑑𝑑𝜕𝜕ℎ
0
      (3.26) 
Substituting (3.23) and (3.24) into (3.25) and (3.26) respectively, and setting 𝑈𝑈 =(𝜕𝜕1 + 𝜕𝜕2) 2⁄ , 𝑉𝑉� = (𝜕𝜕1 + 𝜕𝜕2) 2⁄   and 𝜂𝜂𝑒𝑒 = 𝜂𝜂 𝐹𝐹(?̇?𝛾𝑒𝑒)⁄  yields: 
𝑚𝑚𝑧𝑧 = 𝜌𝜌ℎ312𝜂𝜂 �12ℎ3 ��𝜕𝜕′𝐹𝐹(?̇?𝛾𝑒𝑒)𝑧𝑧
0
𝑑𝑑𝜕𝜕′
ℎ
0
𝑑𝑑𝜕𝜕 −
12
ℎ4
� 𝜕𝜕 ��𝜕𝜕′𝐹𝐹(?̇?𝛾𝑒𝑒)𝑑𝑑𝜕𝜕′ℎ
0
�𝑑𝑑𝜕𝜕
ℎ
0
�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
+ 𝜌𝜌ℎ𝑈𝑈      (3.27) 
𝑚𝑚𝑧𝑧 = 𝜌𝜌ℎ312𝜂𝜂 �12ℎ3 ��𝜕𝜕′𝐹𝐹(?̇?𝛾𝑒𝑒)𝑧𝑧
0
𝑑𝑑𝜕𝜕′
ℎ
0
𝑑𝑑𝜕𝜕 −
12
ℎ4
� 𝜕𝜕��𝜕𝜕′𝐹𝐹(?̇?𝛾𝑒𝑒)𝑑𝑑𝜕𝜕′ℎ
0
�𝑑𝑑𝜕𝜕
ℎ
0
�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
+ 𝜌𝜌ℎ𝑉𝑉      (3.28) 
The mass flow rate continuity in and out of the computational domain is expressed according 
to Cameron (Cameron 1966) as: 
𝜕𝜕𝑚𝑚𝑧𝑧
𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑚𝑚𝑧𝑧
𝜕𝜕𝜕𝜕
+ 𝑑𝑑
𝑑𝑑𝑑𝑑
(𝜌𝜌ℎ) = 0      (3.29) 
Substituting (3.27) and (3.28) into (3.29) yields: 
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𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝜌𝜌ℎ3
𝜂𝜂
�
12
ℎ4
� 𝜕𝜕 ��𝜕𝜕𝐹𝐹(?̇?𝛾𝑒𝑒)𝑑𝑑𝜕𝜕ℎ
0
�𝑑𝑑𝜕𝜕
ℎ
0
−
12
ℎ3
��𝜕𝜕𝐹𝐹(?̇?𝛾𝑒𝑒)𝑧𝑧
0
𝑑𝑑𝜕𝜕
ℎ
0
𝑑𝑑𝜕𝜕�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
+ 𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝜌𝜌ℎ3
𝜂𝜂
�
12
ℎ4
� 𝜕𝜕 ��𝜕𝜕𝐹𝐹(?̇?𝛾𝑒𝑒)𝑑𝑑𝜕𝜕ℎ
0
�𝑑𝑑𝜕𝜕
ℎ
0
−
12
ℎ3
��𝜕𝜕𝐹𝐹(?̇?𝛾𝑒𝑒)𝑧𝑧
0
𝑑𝑑𝜕𝜕
ℎ
0
𝑑𝑑𝜕𝜕�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
= 12 �𝜕𝜕�𝜌𝜌ℎ𝑈𝑈�
𝜕𝜕𝜕𝜕
+ 𝜕𝜕�𝜌𝜌ℎ𝑉𝑉�
𝜕𝜕𝜕𝜕
+ 𝑑𝑑(𝜌𝜌ℎ)
𝑑𝑑𝑑𝑑
�       (3.30) 
In a more neat form, equation (3.30) can be expressed as: 
𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝜌𝜌ℎ3
𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� + 𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝜌𝜌ℎ3
𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� = 12 �𝜕𝜕�𝜌𝜌ℎ𝑈𝑈�
𝜕𝜕𝜕𝜕
+ 𝜕𝜕�𝜌𝜌ℎ𝑉𝑉�
𝜕𝜕𝜕𝜕
+ 𝑑𝑑(𝜌𝜌ℎ)
𝑑𝑑𝑑𝑑
�       (3.31) 
In equation (3.31) 𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒 = 𝜂𝜂 𝑠𝑠𝑛𝑛⁄  where 𝑠𝑠𝑛𝑛  represents the non-Newtonian flow-factor, which 
can be calculated according to: 
𝑠𝑠𝑛𝑛 = 12ℎ4 � 𝜕𝜕 ��𝜕𝜕𝐹𝐹(?̇?𝛾𝑒𝑒)𝑑𝑑𝜕𝜕ℎ
0
�𝑑𝑑𝜕𝜕
ℎ
0
−
12
ℎ3
��𝜕𝜕𝐹𝐹(?̇?𝛾𝑒𝑒)𝑧𝑧
0
𝑑𝑑𝜕𝜕
ℎ
0
𝑑𝑑𝜕𝜕      (3.32) 
Equation (3.32) should be expressed in a dimensionless form in order to ease the numerical 
stability of the scheme which will be employed in order to determine its solution. The 
dimensionless groups used in the present analysis are the following: 
𝑋𝑋 = 𝑧𝑧
𝑏𝑏ℎ
  𝑌𝑌 = 𝑧𝑧
𝑎𝑎ℎ
  𝑍𝑍 = 𝑧𝑧𝑅𝑅𝑧𝑧𝑧𝑧
𝑏𝑏ℎ
2  𝐻𝐻 = ℎ𝑅𝑅𝑧𝑧𝑧𝑧𝑏𝑏ℎ2  𝑃𝑃 = 𝑝𝑝𝑃𝑃ℎ 
𝜌𝜌 = 𝜌𝜌
𝜌𝜌0
  𝜂𝜂 = 𝜂𝜂
𝜂𝜂0
  𝑈𝑈 = 𝑈𝑈
𝑢𝑢𝑎𝑎𝑎𝑎
 𝑉𝑉 = 𝑉𝑉
𝑢𝑢𝑎𝑎𝑎𝑎
 
The non-Newtonian flow factor 𝑠𝑠𝑛𝑛 is calculated as: 
𝑠𝑠𝑛𝑛 = 12𝐻𝐻4� 𝑍𝑍�� 𝑍𝑍′𝐹𝐹(?̇?𝛾𝑒𝑒)𝑑𝑑𝑍𝑍′𝐷𝐷
0
�𝑑𝑑𝑍𝑍
𝐷𝐷
0
−
12
𝐻𝐻3
��𝑍𝑍′𝐹𝐹(?̇?𝛾𝑒𝑒)𝑍𝑍
0
𝑑𝑑𝑍𝑍′
𝐷𝐷
0
𝑑𝑑𝑍𝑍      (3.33) 
The full dimensionless form of the generalized non-Newtonian Reynolds equation is 
described as: 
𝜕𝜕
𝜕𝜕𝑋𝑋
�
𝜌𝜌𝐻𝐻3
𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒
𝜕𝜕𝑃𝑃
𝜕𝜕𝑋𝑋
� + 𝑘𝑘2 𝜕𝜕
𝜕𝜕𝑌𝑌
�
𝜌𝜌𝐻𝐻3
𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒
𝜕𝜕𝑃𝑃
𝜕𝜕𝑌𝑌
� = 𝜓𝜓 �𝜕𝜕(𝜌𝜌𝐻𝐻𝑈𝑈)
𝜕𝜕𝑋𝑋
+ 𝑘𝑘 𝜕𝜕(𝜌𝜌𝐻𝐻𝑉𝑉)
𝜕𝜕𝑌𝑌
+ 𝑅𝑅𝑧𝑧𝑧𝑧
𝑏𝑏
𝜌𝜌𝑆𝑆∗�       (3.34) 
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Where, 𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒 = 𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒 𝜂𝜂0⁄ , 𝜓𝜓 = 12 𝑢𝑢𝑎𝑎𝑎𝑎𝜂𝜂0𝑅𝑅𝑧𝑧𝑧𝑧2𝑃𝑃ℎ𝑏𝑏3 , 𝑆𝑆∗ = 𝑑𝑑ℎ 𝑑𝑑𝑑𝑑⁄𝑢𝑢𝑎𝑎𝑎𝑎  and 𝑘𝑘 = 𝑏𝑏ℎ𝑎𝑎ℎ . As seen from equation 
(3.33), in order to calculate the value of the non-Newtonian flow factor, the knowledge of the 
non-Newtonian rheological function 𝐹𝐹(?̇?𝛾𝑒𝑒)  in any position along and across the film is 
needed, which in turn means that the knowledge of the equivalent shear stress 𝜏𝜏𝑒𝑒  (or the 
equivalent shear rate ?̇?𝛾𝑒𝑒 ) is also needed. Its components 𝜏𝜏𝑧𝑧𝑧𝑧  and 𝜏𝜏𝑧𝑧𝑧𝑧  can be calculated by 
integrating (3.17) and (3.18) across the film (𝜕𝜕 direction) yielding: 
𝜏𝜏𝑧𝑧𝑧𝑧 = 𝜏𝜏𝑧𝑧𝑧𝑧0 + 𝜕𝜕 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕       (3.35) 
𝜏𝜏𝑧𝑧𝑧𝑧 = 𝜏𝜏𝑧𝑧𝑧𝑧0 + 𝜕𝜕 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕       (3.36) 
In equations (3.35) and (3.36) 𝜏𝜏𝑧𝑧𝑧𝑧0  and 𝜏𝜏𝑧𝑧𝑧𝑧0  correspond to the 𝜕𝜕  and 𝜕𝜕  components of the 
viscous shear stress for 𝜕𝜕 = 0. Consequently, in order to be able to calculate the value of the 
equivalent shear stress across the film profile, for any position in the computational domain, 
the knowledge of the surface shear stress values is a prerequisite. In order to calculate their 
value the procedure described below is followed. Substituting (3.35) and (3.36) into (3.11) 
and (3.12) respectively yields: 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
= 𝐹𝐹(?̇?𝛾𝑒𝑒)
𝜂𝜂
�𝜏𝜏𝑧𝑧𝑧𝑧
0 + 𝜕𝜕 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�       (3.37) 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
= 𝐹𝐹(?̇?𝛾𝑒𝑒)
𝜂𝜂
�𝜏𝜏𝑧𝑧𝑧𝑧
0 + 𝜕𝜕 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�       (3.38) 
Substituting (3.19) and (3.20) into (3.37) and (3.38) and solving for the surface shear stress 
yields: 
𝜏𝜏𝑧𝑧𝑧𝑧
0 = 𝜂𝜂(𝜕𝜕2 − 𝜕𝜕1) − 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 ∫ 𝜕𝜕𝐹𝐹(?̇?𝛾𝑒𝑒)𝑑𝑑𝜕𝜕ℎ0
∫ 𝐹𝐹(𝜏𝜏𝑒𝑒)𝑑𝑑𝜕𝜕ℎ0       (3.39) 
𝜏𝜏𝑧𝑧𝑧𝑧
0 = 𝜂𝜂(𝜕𝜕2 − 𝜕𝜕1) − 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕∫ 𝜕𝜕𝐹𝐹(?̇?𝛾𝑒𝑒)𝑑𝑑𝜕𝜕ℎ0
∫ 𝐹𝐹(𝜏𝜏𝑒𝑒)𝑑𝑑𝜕𝜕ℎ0       (3.40) 
Finally, equations (3.39) and (3.40) can be expressed with respect to the dimensionless 
variables as: 
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𝑇𝑇𝑧𝑧𝑧𝑧
0 = 1
𝜏𝜏0,𝐸𝐸𝑧𝑧
𝜂𝜂0|𝛥𝛥𝑈𝑈|𝜂𝜂 − 𝑃𝑃ℎ𝑏𝑏ℎ3𝑅𝑅𝑧𝑧𝑧𝑧2 𝜕𝜕𝑃𝑃𝜕𝜕𝑋𝑋 ∫ 𝑍𝑍𝐹𝐹(𝜏𝜏𝑒𝑒)𝑑𝑑𝑍𝑍𝐷𝐷0
𝑏𝑏2
𝑅𝑅𝑧𝑧𝑧𝑧
𝐻𝐻𝐹𝐹�𝜏𝜏𝑒𝑒(𝜕𝜕 = 0)�       (3.41) 
𝑇𝑇𝑧𝑧𝑧𝑧
0 = 1
𝜏𝜏0,𝐸𝐸𝑧𝑧
𝜂𝜂0|𝛥𝛥𝑉𝑉|𝜂𝜂 − 𝑃𝑃ℎ𝑏𝑏ℎ4𝑎𝑎ℎ𝑅𝑅𝑧𝑧𝑧𝑧2 𝜕𝜕𝑃𝑃𝜕𝜕𝑌𝑌 ∫ 𝑍𝑍𝐹𝐹(𝜏𝜏𝑒𝑒)𝑑𝑑𝑍𝑍𝐷𝐷0
𝑏𝑏ℎ
2
𝑅𝑅𝑧𝑧𝑧𝑧
𝐻𝐻𝐹𝐹�𝜏𝜏𝑒𝑒(𝜕𝜕 = 0)�       (3.42) 
Equations (3.41) and (3.42) correspond to the dimensionless wall shear stress expressions 
when the Eyring-like model of non-Newtonian behaviour is considered. For the case of the 
Carreau-like model (Havriliak-Negami), the dimensionless form of equations (3.38) and 
(3.39) is: 
𝑇𝑇𝑧𝑧𝑧𝑧
0 = 1
𝐺𝐺
𝜂𝜂0|𝛥𝛥𝑈𝑈|𝜂𝜂 − 𝑃𝑃ℎ𝑏𝑏ℎ3𝑅𝑅𝑧𝑧𝑧𝑧2 𝜕𝜕𝑃𝑃𝜕𝜕𝑋𝑋 ∫ 𝑍𝑍𝐹𝐹(?̇?𝛾𝑒𝑒)𝑑𝑑𝑍𝑍𝐷𝐷0
𝑏𝑏ℎ
2
𝑅𝑅𝑧𝑧𝑧𝑧
𝐻𝐻𝐹𝐹�?̇?𝛾𝑒𝑒(𝜕𝜕 = 0)�       (3.43) 
𝑇𝑇𝑧𝑧𝑧𝑧
0 = 1
𝐺𝐺
𝜂𝜂0|𝛥𝛥𝑉𝑉|𝜂𝜂 − 𝑃𝑃ℎ𝑏𝑏ℎ4𝑎𝑎ℎ𝑅𝑅𝑧𝑧𝑧𝑧2 𝜕𝜕𝑃𝑃𝜕𝜕𝑌𝑌 ∫ 𝑍𝑍𝐹𝐹(?̇?𝛾𝑒𝑒)𝑑𝑑𝑍𝑍𝐷𝐷0
𝑏𝑏ℎ
2
𝑅𝑅𝑧𝑧𝑧𝑧
𝐻𝐻𝐹𝐹�?̇?𝛾𝑒𝑒(𝜕𝜕 = 0)�       (3.44) 
When the Havriliak – Negami model is considered, the non-Newtonian rheological function 
is described as: 
𝐹𝐹(?̇?𝛾𝑒𝑒) = [1 + (𝜆𝜆?̇?𝛾𝑒𝑒)𝛼𝛼𝐻𝐻𝐻𝐻]𝛽𝛽𝐻𝐻𝐻𝐻       (3.45) 
The equivalent dimensionless shear stress 𝑇𝑇𝑒𝑒 is given by: 
𝑇𝑇𝑒𝑒 = ��𝑏𝑏ℎ𝑃𝑃ℎ𝑅𝑅𝑧𝑧𝑧𝑧𝐺𝐺 𝜕𝜕𝑃𝑃𝜕𝜕𝑋𝑋 𝑍𝑍 + 𝑇𝑇𝑧𝑧𝑧𝑧0 �2 + � 𝑏𝑏ℎ2𝑃𝑃ℎ𝑅𝑅𝑧𝑧𝑧𝑧𝑎𝑎ℎ𝐺𝐺 𝜕𝜕𝑃𝑃𝜕𝜕𝑌𝑌 𝑍𝑍 + 𝑇𝑇𝑧𝑧𝑧𝑧0 �2       (3.46) 
The above methodology, supported by the recommended equations, can describe the non-
Newtonian flow of the lubricant in any Elasto-hydrodynamic (EHD) conjunction. In (3.41) – 
(3.44), the components of the sliding velocities along the direction of entraining motion and 
the side leakage direction, 𝛥𝛥𝑈𝑈 and 𝛥𝛥𝑉𝑉 respectively, participate in the wall shear stress with 
their absolute value. This is done in order to keep up with the sign convention implied in the 
aforementioned set of equations.  
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3.2.1. Numerical treatment of the EHL problem 
In order to determine the lubricant pressure distribution, the film thickness and finally 
the component of the viscous friction in the EHD conjunction, equations (3.3), (3.5), (3.34), 
(3.43) and (3.44) have to be fulfilled simultaneously. The set of those 5 equations is strongly 
non-linear and consequently the determination of an analytical solution is not possible. The 
Effective Influence Newton-Raphson (EINR) method (Jalali-Vahid et al. 2000) is used for the 
discretization of the Reynolds equation, whereas the integrals appearing in this set of 
equations are estimated numerically by using the trapezoidal rule. The procedure, which 
yields the discretized form of the Reynolds equation, is described below.  
The Poiseuille terms, along the 𝑋𝑋 and 𝑌𝑌 directions, of equation (3.33) can be written as: 
𝜕𝜕
𝜕𝜕𝑋𝑋
�
𝜌𝜌𝐻𝐻3
𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒
𝜕𝜕𝑃𝑃
𝜕𝜕𝑋𝑋
��
𝑖𝑖,𝑗𝑗 = 𝐴𝐴𝑖𝑖,𝑗𝑗
= 12𝛥𝛥𝑋𝑋2 ��𝜌𝜌𝐻𝐻3𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖,𝑗𝑗 + �𝜌𝜌𝐻𝐻3𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖−1,𝑗𝑗� 𝑃𝑃𝑖𝑖−1,𝑗𝑗
−
12𝛥𝛥𝑋𝑋2 ��𝜌𝜌𝐻𝐻3𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖+1,𝑗𝑗 + 2�𝜌𝜌𝐻𝐻3𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖,𝑗𝑗 + �𝜌𝜌𝐻𝐻3𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖−1,𝑗𝑗� 𝑃𝑃𝑖𝑖,𝑗𝑗
+ 12𝛥𝛥𝑋𝑋2 ��𝜌𝜌𝐻𝐻3𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖+1,𝑗𝑗 + �𝜌𝜌𝐻𝐻3𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖,𝑗𝑗� 𝑃𝑃𝑖𝑖+1,𝑗𝑗      (3.47) 
𝜕𝜕
𝜕𝜕𝑌𝑌
�
𝜌𝜌𝐻𝐻3
𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒
𝜕𝜕𝑃𝑃
𝜕𝜕𝑌𝑌
��
𝑖𝑖,𝑗𝑗 = 𝐵𝐵𝑖𝑖,𝑗𝑗
= 12𝛥𝛥𝑌𝑌2 ��𝜌𝜌𝐻𝐻3𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖,𝑗𝑗 + �𝜌𝜌𝐻𝐻3𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖,𝑗𝑗−1� 𝑃𝑃𝑖𝑖,𝑗𝑗−1
−
12𝛥𝛥𝑌𝑌2 ��𝜌𝜌𝐻𝐻3𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖,𝑗𝑗+1 + 2�𝜌𝜌𝐻𝐻3𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖,𝑗𝑗 + �𝜌𝜌𝐻𝐻3𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖,𝑗𝑗−1� 𝑃𝑃𝑖𝑖,𝑗𝑗
+ 12𝛥𝛥𝑌𝑌2 ��𝜌𝜌𝐻𝐻3𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖,𝑗𝑗+1 + �𝜌𝜌𝐻𝐻3𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖,𝑗𝑗� 𝑃𝑃𝑖𝑖,𝑗𝑗+1      (3.48) 
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The discretized form of the Couette terms of equation (3.34) are described by: 
𝜕𝜕(𝜌𝜌𝐻𝐻𝑈𝑈)
𝜕𝜕𝑋𝑋
�
𝑖𝑖,𝑗𝑗 = 𝐶𝐶𝑖𝑖,𝑗𝑗 = (1 − 𝛽𝛽𝑧𝑧) (𝜌𝜌𝐻𝐻𝑈𝑈)𝑖𝑖+1,𝑗𝑗 − (𝜌𝜌𝐻𝐻𝑈𝑈)𝑖𝑖,𝑗𝑗𝛥𝛥𝑋𝑋 + 𝛽𝛽𝑧𝑧 (𝜌𝜌𝐻𝐻𝑈𝑈)𝑖𝑖,𝑗𝑗 − (𝜌𝜌𝐻𝐻𝑈𝑈)𝑖𝑖−1,𝑗𝑗𝛥𝛥𝑋𝑋      (3.49) 
𝜕𝜕(𝜌𝜌𝐻𝐻𝑈𝑈)
𝜕𝜕𝑌𝑌
�
𝑖𝑖,𝑗𝑗 = 𝐷𝐷𝑖𝑖,𝑗𝑗 = �1 − 𝛽𝛽𝑧𝑧� (𝜌𝜌𝐻𝐻𝑉𝑉)𝑖𝑖,𝑗𝑗+1 − (𝜌𝜌𝐻𝐻𝑉𝑉)𝑖𝑖,𝑗𝑗𝛥𝛥𝑌𝑌 + 𝛽𝛽𝑧𝑧 (𝜌𝜌𝐻𝐻𝑉𝑉)𝑖𝑖,𝑗𝑗 − (𝜌𝜌𝐻𝐻𝑉𝑉)𝑖𝑖,𝑗𝑗−1𝛥𝛥𝑌𝑌      (3.50) 
The discretized form of the Poiseuille and the Couette terms of equation (3.34), namely 𝐴𝐴𝑖𝑖,𝑗𝑗, 
𝐵𝐵𝑖𝑖,𝑗𝑗, 𝐶𝐶𝑖𝑖,𝑗𝑗 and 𝐷𝐷𝑖𝑖,𝑗𝑗, yield equation (3.51) which is the discretized form of equation (3.34). 
𝐴𝐴𝑖𝑖,𝑗𝑗 + 𝑘𝑘2𝐵𝐵𝑖𝑖,𝑗𝑗 = 𝜓𝜓 �𝐶𝐶𝑖𝑖,𝑗𝑗 + 𝑘𝑘𝐷𝐷𝑖𝑖,𝑗𝑗 + 𝑅𝑅𝑧𝑧𝑧𝑧𝑏𝑏 𝜌𝜌𝑆𝑆∗�       (3.51) 
In order to solve equation (3.51) numerically, the iterative EINR scheme is employed. For 
that purpose, the function 𝐹𝐹𝑖𝑖,𝑗𝑗 is defined for each nodal position 𝑖𝑖, 𝑗𝑗. The function 𝐹𝐹𝑖𝑖,𝑗𝑗 can be 
calculated as: 
𝐹𝐹𝑖𝑖,𝑗𝑗 = 𝐴𝐴𝑖𝑖,𝑗𝑗 + 𝑘𝑘2𝐵𝐵𝑖𝑖,𝑗𝑗 − 𝜓𝜓 �𝐶𝐶𝑖𝑖,𝑗𝑗 + 𝑘𝑘𝐷𝐷𝑖𝑖,𝑗𝑗 + 𝑅𝑅𝑧𝑧𝑧𝑧𝑏𝑏 𝜌𝜌𝑆𝑆∗�       (3.52) 
By observing equation (3.52) it can be concluded that the numerical solution of equation 
(3.51) is a problem equivalent to finding the roots of equation (3.52). The independent 
variable of function (3.52) is set to be the dimensionless nodal pressure 𝑃𝑃𝑖𝑖,𝑗𝑗. Hence, there 
exists a pressure vector �𝑃𝑃� for which, �𝐹𝐹��𝑃𝑃��� ≈ {0}. In order to determine the pressure 
vector which fulfils equation (3.51), the function 𝐹𝐹  is expanded by applying the Taylor 
expansion as: 
𝐹𝐹𝑖𝑖,𝑗𝑗 = 𝐹𝐹𝑖𝑖,𝑗𝑗 + 𝜕𝜕𝐹𝐹𝑖𝑖,𝑗𝑗𝜕𝜕𝑃𝑃𝑖𝑖−1,𝑗𝑗 𝛥𝛥𝑃𝑃𝑖𝑖−1,𝑗𝑗 + 𝜕𝜕𝐹𝐹𝑖𝑖,𝑗𝑗𝜕𝜕𝑃𝑃𝑖𝑖+1,𝑗𝑗 𝛥𝛥𝑃𝑃𝑖𝑖+1,𝑗𝑗 + 𝜕𝜕𝐹𝐹𝑖𝑖,𝑗𝑗𝜕𝜕𝑃𝑃𝑖𝑖,𝑗𝑗−1 𝛥𝛥𝑃𝑃𝑖𝑖,𝑗𝑗−1 + 𝜕𝜕𝐹𝐹𝑖𝑖,𝑗𝑗𝜕𝜕𝑃𝑃𝑖𝑖,𝑗𝑗+1 𝛥𝛥𝑃𝑃𝑖𝑖,𝑗𝑗+1 + 𝜕𝜕𝐹𝐹𝑖𝑖,𝑗𝑗𝜕𝜕𝑃𝑃𝑖𝑖,𝑗𝑗 𝛥𝛥𝑃𝑃𝑖𝑖,𝑗𝑗+ Err = 0      (3.53) 
Assuming that the truncation error Err is small enough to be neglected, equation (3.53) can 
be written as: 
𝛥𝛥𝑃𝑃𝑘𝑘,𝑙𝑙𝑛𝑛 = −𝐹𝐹𝑘𝑘,𝑙𝑙 − 𝐽𝐽𝑘𝑘𝑙𝑙,𝑘𝑘−1𝑙𝑙𝛥𝛥𝑃𝑃𝑘𝑘−1,𝑙𝑙𝑛𝑛 − 𝐽𝐽𝑘𝑘𝑙𝑙,𝑘𝑘+1𝑙𝑙𝛥𝛥𝑃𝑃𝑘𝑘+1,𝑙𝑙𝑛𝑛 − 𝐽𝐽𝑘𝑘𝑙𝑙,𝑘𝑘𝑙𝑙−1𝛥𝛥𝑃𝑃𝑘𝑘,𝑙𝑙−1𝑛𝑛 − 𝐽𝐽𝑘𝑘𝑙𝑙,𝑘𝑘𝑙𝑙+1𝛥𝛥𝑃𝑃𝑘𝑘,𝑙𝑙+1𝑛𝑛𝐽𝐽𝑘𝑘𝑙𝑙,𝑘𝑘𝑙𝑙      (3.54) 
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Using the distributed line relaxation scheme, the updated pressure at each nodal position can 
be calculated by employing: 
𝑃𝑃𝑖𝑖,𝑗𝑗𝑘𝑘 = 𝑃𝑃𝑖𝑖,𝑗𝑗𝑘𝑘−1 + 𝛿𝛿𝑃𝑃𝑖𝑖,𝑗𝑗      (3.55) 
The value of the pressure differential 𝛿𝛿𝑃𝑃𝑖𝑖,𝑗𝑗 is calculated as: 
𝛿𝛿𝑃𝑃𝑖𝑖,𝑗𝑗 = 𝛥𝛥𝑃𝑃𝑖𝑖,𝑗𝑗 − 14 �𝛥𝛥𝑃𝑃𝑖𝑖−1,𝑗𝑗 + 𝛥𝛥𝑃𝑃𝑖𝑖+1,𝑗𝑗 + 𝛥𝛥𝑃𝑃𝑖𝑖,𝑗𝑗−1 + 𝛥𝛥𝑃𝑃𝑖𝑖,𝑗𝑗+1�      (3.56) 
The value of 𝛥𝛥𝑃𝑃𝑘𝑘,𝑙𝑙 in equation (3.56) can be calculated by the numerical solution of the tri-
diagonal system of equations which follow the pattern described by: 
𝜕𝜕𝐹𝐹𝑖𝑖,𝑗𝑗
𝜕𝜕𝑃𝑃𝑖𝑖−1,𝑗𝑗 𝛥𝛥𝑃𝑃𝑖𝑖−1,𝑗𝑗 + 𝜕𝜕𝐹𝐹𝑖𝑖,𝑗𝑗𝜕𝜕𝑃𝑃𝑖𝑖,𝑗𝑗 𝛥𝛥𝑃𝑃𝑖𝑖,𝑗𝑗 + 𝜕𝜕𝐹𝐹𝑖𝑖,𝑗𝑗𝜕𝜕𝑃𝑃𝑖𝑖+1,𝑗𝑗 𝛥𝛥𝑃𝑃𝑖𝑖+1,𝑗𝑗 = −𝐹𝐹𝑖𝑖,𝑗𝑗      (3.57) 
Equation (3.57) is solved for 𝛥𝛥𝑃𝑃𝑘𝑘,𝑙𝑙 along the line defined by the 𝑋𝑋 axis of the contact ellipse. 
This means that the 𝑗𝑗 counter is kept constant each time and the tri-diagonal system defined 
by (3.57) is solved by employing the Thomas algorithm. The procedure is repeated for every 
value of the 𝑗𝑗 counter. This yields a complete description of the 𝛥𝛥𝑃𝑃 distribution all over the 
computational domain for a given step 𝑛𝑛 of the numerical solution.  
 The calculation of the non-Newtonian flow factor 𝑠𝑠𝑛𝑛, at each nodal position 𝑖𝑖, 𝑗𝑗 (as 
presented by equation (3.33)), can be performed numerically by substituting the integrals 
appearing in equation (3.33) as per: 
𝑠𝑠𝑛𝑛 = 12𝐻𝐻4 𝐼𝐼1 − 12𝐻𝐻3 𝐽𝐽1      (3.58) 
The integrals appearing in equation (3.58) are given as: 
𝐼𝐼1 = � 𝑍𝑍�� 𝑍𝑍′𝐹𝐹(?̇?𝛾𝑒𝑒)𝑑𝑑𝑍𝑍′𝐷𝐷
0
�𝑑𝑑𝑍𝑍
𝐷𝐷
0
      (3.59) 
𝐽𝐽1 = ��𝑍𝑍′𝐹𝐹(?̇?𝛾𝑒𝑒)𝑑𝑑𝑍𝑍′𝑑𝑑𝑍𝑍𝑍𝑍
0
𝐷𝐷
0
                (3.60) 
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The integrals described by equations (3.59) and (3.60) can be calculated numerically by 
employing the extended trapezoidal rule. Equation (3.61) describes the extended trapezoidal 
rule of integration for an arbitrary function 𝑓𝑓(𝜕𝜕) from 𝜕𝜕1 to 𝜕𝜕𝑛𝑛. 
� 𝑓𝑓(𝜕𝜕)𝑑𝑑𝜕𝜕𝑧𝑧𝑛𝑛
𝑧𝑧1
= 𝑑𝑑𝜕𝜕2 �𝑓𝑓(𝜕𝜕1) + 𝑓𝑓(𝜕𝜕𝑛𝑛) + 2�𝑓𝑓(𝜕𝜕𝑖𝑖)𝑛𝑛−1
𝑖𝑖=2
�       (3.61) 
The evaluation of the 𝐼𝐼1  is performed by following the procedure described below. The 
quantity �∫ 𝑍𝑍′𝐹𝐹(?̇?𝛾𝑒𝑒)𝑑𝑑𝑍𝑍′𝐷𝐷0 � is not a function of 𝑍𝑍  and consequently it can be treated as a 
constant number, when referring to the across the film integration with respect to 𝑍𝑍. Setting 
𝐾𝐾1 = �∫ 𝑍𝑍′𝐹𝐹(?̇?𝛾𝑒𝑒)𝑑𝑑𝑍𝑍′𝐷𝐷0 � and 𝐺𝐺3 = 𝑍𝑍′𝐹𝐹(?̇?𝛾𝑒𝑒), yields: 
𝐾𝐾1 = 𝐻𝐻2(𝑚𝑚− 1)�𝐺𝐺3(𝐻𝐻) + 2 � 𝐺𝐺3 �(𝑗𝑗 − 1) 𝐻𝐻𝑚𝑚 − 1�𝑚𝑚−1
𝑗𝑗=2
�       (3.62) 
Since, 𝐺𝐺3(𝑍𝑍′ = 0) = 0 and 𝑑𝑑𝑍𝑍′ = 𝐻𝐻 (𝑚𝑚− 1)⁄ , where 𝑚𝑚 is the total number of nodes along 
the across the film direction. The total number of intervals for the across the film direction is 
𝑚𝑚 − 1. Since 𝐾𝐾1 ≠ 𝑓𝑓(𝑍𝑍), the integral 𝐼𝐼1 can be written as: 
𝐼𝐼1 = 𝐾𝐾1 � 𝑍𝑍𝑑𝑑𝑍𝑍𝐷𝐷
0
      (3.63) 
Equation (3.63) can be numerically integrated as: 
𝐼𝐼1 = 𝐻𝐻34(𝑚𝑚− 1)�𝐺𝐺3(𝐻𝐻) + 2 � 𝐺𝐺3 �(𝑗𝑗 − 1) 𝐻𝐻𝑚𝑚 − 1�𝑚𝑚−1
𝑗𝑗=2
�       (3.64) 
A similar approach is followed in order to calculate numerically the value of the 𝐽𝐽1 integral. 
Equation (3.60) represents the integral 𝐽𝐽1. Setting 𝐺𝐺2 = ∫ 𝑍𝑍′𝐹𝐹(?̇?𝛾𝑒𝑒)𝑍𝑍0 𝑑𝑑𝑍𝑍′, yields: 
𝐽𝐽1 = 𝑑𝑑𝑍𝑍2 �𝐺𝐺2(0) + 𝐺𝐺2(𝐻𝐻) + 2�𝐺𝐺2 �(𝑖𝑖 − 1) 𝐻𝐻𝑛𝑛 − 1�𝑛𝑛−1
𝑖𝑖=2
�       (3.65) 
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In the numerical code, 𝐺𝐺2 is a vector with dimensions 𝑛𝑛 × 1, where 𝑛𝑛 represents the total 
number of nodes along the across the film direction. An observation of (3.65) reveals that 
𝑑𝑑𝑍𝑍 = 𝐻𝐻 (𝑛𝑛 − 1)⁄  and 𝐺𝐺2(0) = ∫ 𝑍𝑍′𝐹𝐹(?̇?𝛾𝑒𝑒)00 𝑑𝑑𝑍𝑍′ = 0, consequently, equation (3.65) becomes: 
𝐽𝐽1 = 𝐻𝐻2(𝑛𝑛 − 1) �𝐺𝐺2(𝐻𝐻) + 2�𝐺𝐺2 �(𝑖𝑖 − 1) 𝐻𝐻𝑛𝑛 − 1�𝑛𝑛−1
𝑖𝑖=2
�       (3.66) 
The next step in order to be able to determine the value of the 𝐽𝐽1 integral is to calculate the 
value of the 𝐺𝐺2(𝑍𝑍)  function for each 𝑍𝑍 . In order to do so, set 𝐺𝐺1 = 𝑍𝑍′𝐹𝐹(?̇?𝛾𝑒𝑒)  and then, 
𝐺𝐺2(𝑍𝑍) = ∫ 𝐺𝐺1𝑑𝑑𝑍𝑍′𝑍𝑍0 .Again, the application of the extended trapezoidal rule yields: 
𝐺𝐺2(𝑍𝑍) = 𝑑𝑑𝑍𝑍′2 �𝐺𝐺1(0) + 𝐺𝐺1(𝑍𝑍) + 2 � 𝐺𝐺1 �(𝑗𝑗 − 1) 𝑍𝑍𝑚𝑚 − 1�𝑚𝑚−1
𝑗𝑗=2
�       (3.67) 
It can be observed that 𝐺𝐺1(0) = 0 and 𝑑𝑑𝑍𝑍′ = 𝑍𝑍 (𝑚𝑚− 1)⁄ . In equation (3.67), 𝑚𝑚 represents 
the total number of nodes from 𝑍𝑍′ = 0 → 𝑍𝑍. The final version of (3.67) is represented by: 
𝐺𝐺2(𝑍𝑍) = 𝑍𝑍2(𝑚𝑚− 1)�𝐺𝐺1(𝑍𝑍) + 2 � 𝐺𝐺1 �(𝑗𝑗 − 1) 𝑍𝑍𝑚𝑚 − 1�𝑚𝑚−1
𝑗𝑗=2
�       (3.68) 
Equations (3.43) and (3.44) are used in order to calculate the updated values of the surface 
shear stresses. Those equations contain some integrals which must be calculated numerically 
since the analytical integration is not possible. The integrals to be calculated are represented 
as: 
𝐽𝐽2 = � 𝑍𝑍𝐹𝐹(?̇?𝛾𝑒𝑒)𝑑𝑑𝑍𝑍𝐷𝐷
0
      (3.69) 
𝐼𝐼2 = � 𝐹𝐹(?̇?𝛾𝑒𝑒)𝑑𝑑𝑍𝑍𝐷𝐷
0
        (3.70) 
The calculation of the 𝐽𝐽2 integral is performed by following the following procedure. Setting 
𝐺𝐺4 = 𝑍𝑍𝐹𝐹(?̇?𝛾𝑒𝑒), yields 𝐽𝐽2 = ∫ 𝐺𝐺4(𝑍𝑍)𝑑𝑑𝑍𝑍𝐷𝐷0 . Applying the trapezoidal rule yields: 
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𝐽𝐽2 = 𝑑𝑑𝑍𝑍2 �𝐺𝐺4(0) + 𝐺𝐺4(𝐻𝐻) + 2�𝐺𝐺4 �(𝑖𝑖 − 1) 𝐻𝐻𝑛𝑛 − 1�𝑛𝑛−1
𝑖𝑖=2
�       (3.71) 
And since 𝑑𝑑𝑍𝑍 = 𝐻𝐻 (𝑛𝑛 − 1)⁄  and 𝐺𝐺4(0) = 0 equation (3.71) becomes: 
𝐽𝐽2 = 𝐻𝐻2(𝑛𝑛 − 1) �𝐺𝐺4(𝐻𝐻) + 2�𝐺𝐺4 �(𝑖𝑖 − 1) 𝐻𝐻𝑛𝑛 − 1�𝑛𝑛−1
𝑖𝑖=2
�            (3.72) 
Finally, the 𝐼𝐼2  integral is calculated as follows. Setting 𝐺𝐺5(𝑍𝑍) = 𝐹𝐹(?̇?𝛾𝑒𝑒), and applying the 
trapezoidal rule, the value of 𝐼𝐼2 is calculated according to: 
𝐼𝐼2 = 𝐻𝐻2(𝑛𝑛 − 1) �𝐺𝐺5(0) + 𝐺𝐺5(𝐻𝐻) + 2�𝐺𝐺5 �(𝑖𝑖 − 1) 𝐻𝐻𝑛𝑛 − 1�𝑛𝑛−1
𝑖𝑖=2
�       (3.73) 
It can be observed that when 𝐹𝐹(?̇?𝛾𝑒𝑒) = 1, which is the case for a Newtonian fluid, then the 
non-Newtonian flow factor 𝑠𝑠𝑛𝑛 = 1  for every nodal position 𝑖𝑖, 𝑗𝑗 . When this is the case, 
𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒 = 𝜂𝜂 again for every nodal position, which is the case for a Newtonian fluid since the 
effective dynamic viscosity is not getting reduced due to the effect of shear thinning.  
 Finally, figure 3.3 illustrates the flowchart which summarizes the algorithm which is 
used in order to determine the EHD pressure distribution of a generalized Newtonian fluid 
(non-Newtonian shear thinning fluid for the present study).  
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Figure 3.3, Flowchart of the numerical algorithm for the EHD pressure calculation 
In the majority of the cases, a 𝑛𝑛𝑧𝑧 × 𝑛𝑛𝑧𝑧 = 150 × 300 grid is used in order to ensure numerical 
stability of the solution scheme. The pressure convergence criterion for the pressure is 
dictated by: 
���
𝜕𝜕𝑖𝑖,𝑗𝑗𝑛𝑛 − 𝜕𝜕𝑖𝑖,𝑗𝑗𝑛𝑛−1
𝜕𝜕𝑖𝑖,𝑗𝑗𝑛𝑛 � ≤ 10−4𝑗𝑗𝑖𝑖       (3.74) 
Where, 𝜕𝜕𝑖𝑖,𝑗𝑗𝑛𝑛  represents the pressure at the node 𝑖𝑖, 𝑗𝑗  for the current step of the solution 𝑛𝑛 , 
whereas 𝜕𝜕𝑖𝑖,𝑗𝑗𝑛𝑛−1 is the pressure at the same node during the previous step of the solution 𝑛𝑛 − 1. 
The computational domain extends to a distance of 4𝑏𝑏ℎ (with 𝑏𝑏ℎ being the half-width of the 
semi-minor axis of the instantaneous elliptical point contact footprint) from the centre of the 
contact ellipse upstream in the direction of inlet and 2𝑏𝑏ℎ from the centre of the contact ellipse 
downstream to the position of lubricant exit. Along the side leakage direction, the fluid 
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domain extends to a distance of 1.5𝑎𝑎ℎ from the centre of the contact ellipse upstream and 
downstream of the same direction. Figure 3.4 illustrates the computational contact domain 
used in the present analysis. 
 
Figure 3.4, Computational contact domain along with the basic dimensions 
Regarding the convergence of the load that should be supported by the lubricant; 𝑊𝑊, the 
criterion which must be satisfied is described by: 
�
𝑊𝑊 −𝑊𝑊𝐸𝐸𝐷𝐷𝐸𝐸
𝑊𝑊
� ≤ 10−3                      (3.75) 
If this criterion is not met, then the film thickness offset ℎ0 is modified according to: 
ℎ0
𝑘𝑘 = ℎ0𝑘𝑘−1 �𝑊𝑊𝐸𝐸𝐷𝐷𝐸𝐸𝑊𝑊 �ϛ , ϛ = 0.1 ÷ 0.3       (3.76) 
Where, ℎ0𝑘𝑘−1 represents the film thickness separation at the current load step, which does not 
meet the convergence criterion with respect to the load, ℎ0𝑘𝑘 is the updated value of the film 
thickness separation which is going to be used in the next load step and 𝑊𝑊𝐸𝐸𝐷𝐷𝐸𝐸 is the contact 
load which can be supported by the lubricant film when the film thickness separation is equal 
with ℎ0𝑘𝑘−1. The Swift-Stieber (Gohar and Rahnejat 2008) exit boundary condition is applied 
according to the following set of equations: 
𝜕𝜕 ≥ 0 and 𝑑𝑑𝑝𝑝
𝑑𝑑𝑧𝑧
�
𝑝𝑝=0
= 𝑑𝑑𝑝𝑝
𝑑𝑑𝑧𝑧
�
𝑝𝑝=0
= 0      (3.77) 
Chapter 3, Lubrication Analysis 
 
54 
 
Zero-pressure gradient along the side-leakage direction is also needed to maintain the 
lubricant film continuity along the same direction since the current analysis takes into 
account the side-leakage flow as well, which is required for angled flow entrainment analysis. 
A fully flooded inlet boundary is assumed. Finally, zero pressure is applied on the set of 
nodes at the boundaries of the computational domain (as illustrated in figure 3.4).  
 
3.3. Analytical EHD approach 
Although the EHD film thickness and the corresponding coefficient of friction can be 
accurately predicted through the numerical solution of the Reynolds equation, this is usually a 
very intensive task in terms of computational effort, in particular when the non-Newtonian 
approach is followed. As demonstrated in the previous sections, for a fully converged 
numerical solution of the non-Newtonian EHD equations, the wall shear stress at the surfaces 
of the mating surfaces must be estimated and then converged for every step within the 
iterative solution for the pressure. Furthermore, the non-Newtonian flow factor at each nodal 
position must be determined, requiring a total of 𝑚𝑚𝑛𝑛 integrations per node. It is rather clear 
that, the numerical approach can lead to unrealistically increased computational time when 
applied to the determination of the conjunctional inefficiency of hypoid gear pair units. 
Hence, the numerical approach of the non-Newtonian EHD problem is only followed for a 
limited amount of points within the meshing cycle. In order to estimate the conjunctional 
inefficiency of the hypoid gear pair assembly, under dynamic conditions, an analytical EHD 
friction model is employed. This model is described in the present section.  
Initially, the central film thickness in the EHD conjunction is estimated by employing the 
Chittenden – Dowson equation (Chittenden et al. 1985b) which is described by: 
ℎ𝑐𝑐 = 4.31𝑅𝑅𝑒𝑒𝑈𝑈𝑒𝑒0.68𝐺𝐺0.49𝑊𝑊𝑒𝑒−0.073 �1 − 𝑒𝑒−1.23(𝑅𝑅𝑠𝑠 𝑅𝑅𝑒𝑒⁄ )2 3⁄ �       (3.78) 
The dimensionless parameters appearing in equation (3.78) can be calculated according to 
(Chittenden et al. 1985b): 
𝑈𝑈𝑒𝑒 = 𝜂𝜂(𝑇𝑇𝑖𝑖𝑛𝑛)𝑈𝑈𝑒𝑒𝑒𝑒𝑒𝑒𝐸𝐸′𝑅𝑅𝑒𝑒 , 𝐺𝐺 = 𝛼𝛼∗(𝑇𝑇𝑖𝑖𝑛𝑛)𝐸𝐸′, 𝑊𝑊𝑒𝑒 = 𝑊𝑊𝐸𝐸′𝑅𝑅𝑒𝑒2, where, 2𝐸𝐸′ = 1−𝑣𝑣12𝐸𝐸1 + 1−𝑣𝑣22𝐸𝐸2  (3.79) 
As seen in equation (3.78), the low shear dynamic viscosity 𝜂𝜂0 and the pressure viscosity 
coefficient 𝛼𝛼∗ are estimated at the inlet temperature 𝑇𝑇𝑖𝑖𝑛𝑛 of the EHD conjunction instead of the 
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bulk temperature of the oil 𝑇𝑇𝑏𝑏 corresponding to the temperature of the oil sump. This is done 
in order to account for heat conduction from the gear teeth to the inlet meniscus. The 
estimation of the inlet temperature rise is presented in Section 3.6.1. The viscosity used when 
calculating the central film thickness (equation (3.78)) corresponds to ambient pressure. The 
equivalent contact radii of curvature appearing in equations (3.78) and (3.79) can be 
calculated according to Chittenden et al. (Chittenden et al. 1985a) as: 1
𝑅𝑅𝑒𝑒
= cos2(𝜃𝜃)
𝑅𝑅𝑧𝑧𝑧𝑧
+ sin2(𝜃𝜃)
𝑅𝑅𝑧𝑧𝑧𝑧
      (3.80) 
1
𝑅𝑅𝑠𝑠
= sin2(𝜃𝜃)
𝑅𝑅𝑧𝑧𝑧𝑧
+ cos2(𝜃𝜃)
𝑅𝑅𝑧𝑧𝑧𝑧
      (3.81) 
In equations (3.80) and (3.81), 𝜃𝜃 corresponds to the angle between the vector of the velocity 
of the lubricant entering the EHD conjunction and the semi-minor axis of the elliptical 
contact footprint. The entraining angle can be calculated as 𝜃𝜃 = tan−1(𝑉𝑉 𝑈𝑈⁄ ) . The local 
contact radii of curvature, 𝑅𝑅𝑧𝑧𝑧𝑧 and 𝑅𝑅𝑧𝑧𝑧𝑧, are determined for each time step of the solution, 
provided the TCA data, and their magnitude depends on the instantaneous geometry of the 
contact. Finally, the effective entraining velocity used in the central film thickness equation 
(equation (3.78)) can be determined according to (Chittenden et al. 1985b) as: 
𝑈𝑈𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑈𝑈cos(𝜃𝜃) + 𝑉𝑉sin(𝜃𝜃)      (3.82) 
Where 𝑈𝑈 = 0.5�𝜕𝜕𝑠𝑠,𝑝𝑝 + 𝜕𝜕𝑠𝑠,𝑔𝑔� and 𝑉𝑉 = 0.5�𝜕𝜕𝑠𝑠,𝑝𝑝 + 𝜕𝜕𝑠𝑠,𝑔𝑔� are the lubricant velocities along the 
entraining and the side leakage directions respectively. The individual tooth surface 
velocities,𝜕𝜕𝑠𝑠,𝑝𝑝 ,𝜕𝜕𝑠𝑠,𝑔𝑔 , 𝜕𝜕𝑠𝑠,𝑝𝑝  and 𝜕𝜕𝑠𝑠,𝑔𝑔  are evaluated by the gear dynamics model (which is 
integrated with the corresponding TCA data) for each time step.  
 As soon as the central film thickness is known, the estimation of the shear rate of the 
lubricant at the centre of the EHD conjunction is feasible. It is assumed that the shear rate at 
the centre is only due to the Couette flow component of the velocity of the lubricant. This is a 
widely accepted assumption in the EHD literature, particularly when analytical models are 
employed (A. V. Olver & Spikes, 1998). It is known that the film thickness distribution in 
hypoid gear pair conjunctions can be sufficiently described by the magnitude of the central 
film thickness (Paouris, Theodossiades, De la Cruz, Rahnejat, Kidson, G Hunt, et al. 2015). 
Hence, the shear rate can be estimated as: 
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?̇?𝛾 = |𝑉𝑉𝑠𝑠|
ℎ𝑐𝑐
      (3.83) 
In equation (3.83) 𝑉𝑉𝑠𝑠  corresponds to the total sliding velocity in the EHD conjunction, 
accounting both for the sliding along the direction of entraining motion as well as for the 
sliding along the side leakage direction. What is ultimately required, in order to estimate the 
coefficient of friction, is to be able to estimate the magnitude of the shear stress in the 
conjunction. To do so, the knowledge of the pressure distribution is a prerequisite, since this 
is going to be used in order to estimate the pressure response of the viscosity. It is assumed 
that the pressure distribution of the lubricant in the EHD conjunction closely follows the 
corresponding Hertzian. This is a sufficiently good assumption for highly loaded hypoid gear 
pair conjunctions (Paouris, Theodossiades, De la Cruz, Rahnejat, Kidson, G. Hunt, et al. 
2015). Consequently, the local pressure distribution is provided by (Stachoviak and Batchelor 
2001): 
𝜕𝜕(𝜕𝜕, 𝜕𝜕) = 𝜕𝜕ℎ,𝑚𝑚𝑎𝑎𝑧𝑧�1 − � 𝜕𝜕𝑏𝑏ℎ�2 + � 𝜕𝜕𝑎𝑎ℎ�2       (3.84) 
For elliptical point contacts, the maximum Hertzian pressure 𝜕𝜕ℎ,𝑚𝑚𝑎𝑎𝑧𝑧  can be found by 
applying (Stachoviak and Batchelor 2001): 
𝜕𝜕ℎ,𝑚𝑚𝑎𝑎𝑧𝑧 = 32 𝑊𝑊𝜋𝜋𝑎𝑎ℎ𝑏𝑏ℎ       (3.85) 
The semi-major and the semi-minor axes of the contact footprint are according to (Hamrock 
and Dowson 1981): 
𝑎𝑎ℎ = �6𝑘𝑘2𝜀𝜀2𝑊𝑊𝑅𝑅𝑒𝑒𝜋𝜋𝐸𝐸′ �1 3⁄       (3.86) 
𝑏𝑏ℎ = �6𝜀𝜀𝑊𝑊𝑅𝑅𝑒𝑒
𝜋𝜋𝑘𝑘𝐸𝐸′
�
1 3⁄               (3.87) 
In equations (3.86) and 1.87, 𝑅𝑅𝑒𝑒 = �𝑅𝑅𝑧𝑧𝑧𝑧𝑅𝑅𝑧𝑧𝑧𝑧� �𝑅𝑅𝑧𝑧𝑧𝑧 + 𝑅𝑅𝑧𝑧𝑧𝑧��  corresponds to the equivalent 
radius of curvature of the conjunction while 𝑘𝑘   and 𝜀𝜀  is the ellipticity parameter and the 
simplified elliptical integral which can be calculated as (Hamrock and Dowson 1981): 
𝑘𝑘 = 1.0339 �𝑅𝑅𝑧𝑧𝑧𝑧
𝑅𝑅𝑧𝑧𝑧𝑧
�
0.636             (3.88) 
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𝜀𝜀 = 1.0003 + 0.5968𝑅𝑅𝑧𝑧𝑧𝑧
𝑅𝑅𝑧𝑧𝑧𝑧
      (3.89) 
Since the pressure is known, the local viscous shear stress can be calculated as: 
𝜏𝜏(𝜕𝜕,𝜕𝜕) = 𝜂𝜂�𝜕𝜕(𝜕𝜕,𝜕𝜕),𝑇𝑇𝑐𝑐�
𝐹𝐹(?̇?𝛾) ?̇?𝛾      (3.90) 
In (3.90) the low shear dynamic viscosity 𝜂𝜂 is calculated at the average temperature at the 
centre of the conjunction 𝑇𝑇𝑐𝑐, which is calculated according to the methodology presented in 
the following Section 3.6, and at pressure 𝜕𝜕. The effect of the limiting shear stress is also 
accounted for restricting the shear stress to a value less than 𝜏𝜏𝐸𝐸 . For the purposes of the 
present study, this is calculated according to Hoglund and Jacobson (Hoglund and Jacobson 
1986) as 𝜏𝜏𝐸𝐸 = 𝜏𝜏𝐸𝐸,0 + 𝛾𝛾𝐸𝐸𝜕𝜕. For the present study 𝛾𝛾𝐸𝐸 = 0.029 and 𝜏𝜏𝐸𝐸,0 = 4 MPa, which are 
recommended for PAO lubricants at 40 ℃ (Hoglund and Jacobson 1986). The temperature 
and the pressure variation of the low shear dynamic viscosity are discussed in Chapter 5.  
 By employing equations (3.78) – (3.90), the local shear stress 𝜏𝜏 can be estimated. The 
contact footprint is discretised by using a 20 × 20 grid and the Hertzian pressure, and hence 
the local shear stress 𝜏𝜏 is estimated at each one of the nodes. Once this is done, the local shear 
stress is averaged, yielding the average viscous shear stress 𝜏𝜏. Hence, the viscous friction 
force can be calculated according to: 
𝐹𝐹𝑣𝑣 = �𝐴𝐴𝐸𝐸𝐷𝐷𝐸𝐸 − 𝐴𝐴𝑎𝑎𝑠𝑠𝑝𝑝� 𝜏𝜏      (3.91) 
Where 𝐴𝐴𝑎𝑎𝑠𝑠𝑝𝑝 is the total area of asperity interaction, which is determined according to the 
methodology presented in Section 3.5. The estimation of the component of boundary friction 
𝐹𝐹𝑏𝑏  is also described in the same Section. Finally, the total flank friction force can be 
calculated as: 
𝐹𝐹𝑒𝑒𝑓𝑓 = 𝐹𝐹𝑣𝑣 + 𝐹𝐹𝑏𝑏      (3.92) 
 
3.4. Contribution of the asperity friction 
The contribution of the component of boundary friction, due to the interaction of the 
asperities, is done by employing the Greenwood & Tripp model (Greenwood and Tripp 1970). 
The underlying assumption is that the peak height distribution of the asperities on the mating 
surfaces (pinion and gear teeth) follows the Gaussian distribution. This is generally the case 
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for the majority of the metallic engineering surfaces according to Greenwood and Williamson 
(Greenwood & Williamson, 1966). In order to be able to calculate the value of the boundary 
conjunctional friction, equations (3.93) and (3.94) are employed yielding the total load 
carried by the asperities and the total surface area within which inter-asperity contact occurs.  
𝑊𝑊𝑎𝑎𝑠𝑠𝑝𝑝 = 8√215 𝜋𝜋𝐴𝐴𝐸𝐸𝐷𝐷𝐸𝐸(𝜂𝜂𝐺𝐺𝛽𝛽𝐺𝐺𝜎𝜎𝐺𝐺)2�𝜎𝜎𝐺𝐺𝛽𝛽𝐺𝐺 𝐸𝐸∗𝐹𝐹5/2      (3.93) 
𝐴𝐴𝑎𝑎𝑠𝑠𝑝𝑝 = 𝜋𝜋2𝐴𝐴𝐸𝐸𝐷𝐷𝐸𝐸(𝜂𝜂𝐺𝐺𝛽𝛽𝐺𝐺𝜎𝜎𝐺𝐺)2𝐹𝐹2                              (3.94) 
The Greenwood-Tripp parameters appearing in equations (3.93) and (3.94) represent the 
surface density of asperity peaks, the average radius of curvature of the asperity summits and 
the composite RMS surface roughness of the mating surfaces. Greenwood and Tripp 
(Greenwood and Tripp 1970) recommend that for steel-on-steel contacts 0.03 ≤ 𝜂𝜂𝐺𝐺𝛽𝛽𝐺𝐺𝜎𝜎𝐺𝐺 ≤0.05. For the case of highly loaded run-in hypoid gear pair teeth, where the lubricating oil 
contains sulphuric Extreme Pressure (EP) additives, the lower limit of the recommended 
range may well be reduced. For that reason, the 𝜂𝜂𝐺𝐺 , 𝛽𝛽𝐺𝐺  and 𝜎𝜎𝐺𝐺  values are calculated 
individually for a specific run-in hypoid pinion tooth surface, as described in Section 3.5.1. 
The value of the statistical functions 𝐹𝐹5/2 and 𝐹𝐹2 are calculated according to De la Cruz et al. 
(De la Cruz et al. 2012) as: 
𝐹𝐹2 = −0.0018𝜆𝜆𝑠𝑠5 + 0.0281𝜆𝜆𝑠𝑠4 − 0.1728𝜆𝜆𝑠𝑠3 + 0.5258𝜆𝜆𝑠𝑠2 − 0.8043𝜆𝜆𝑠𝑠 + 0.5003          (3.95) 
𝐹𝐹5/2 = −0.0046𝜆𝜆𝑠𝑠5 + 0.0574𝜆𝜆𝑠𝑠4 − 0.2958𝜆𝜆𝑠𝑠3 + 0.7844𝜆𝜆𝑠𝑠2 − 1.0776𝜆𝜆𝑠𝑠 + 0.6167      (3.96) 
Finally, the magnitude of the component of boundary friction is calculated by employing: 
𝐹𝐹𝑏𝑏 = 𝜏𝜏0𝐴𝐴𝑎𝑎𝑠𝑠𝑝𝑝 + 𝜍𝜍𝑎𝑎𝑊𝑊𝑎𝑎𝑠𝑠𝑝𝑝      (3.97) 
Equation (3.97) accounts for two different sources of boundary friction. The product 𝜏𝜏0𝐴𝐴𝑎𝑎𝑠𝑠𝑝𝑝 
represents the shearing of the tribo-film present at the asperity summits. It is assumed that the 
shear strength of the tribo-film is equal to the Eyring stress of the lubricant. The second 
source of boundary friction which is taken into account is the breaking of the cold welds 
formed between the asperities in contact. Its contribution is accounted for by using the 
product 𝜍𝜍𝑎𝑎𝑊𝑊𝑎𝑎𝑠𝑠𝑝𝑝, where 𝜍𝜍 represents the coefficient of dry sliding friction of steel against steel. 
Its value is taken to be 𝜍𝜍𝑎𝑎 = 0.17. The value of 𝜏𝜏0 is set to be 2 MPa for all the set of results 
presented in the following chapters. This value is obtained after Briscoe and Evans (Briscoe 
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and Evans 1982) and it is based on experimental observations of the friction between a 
monolayer of a wide variety of organic acids on an atomically smooth mica surface and a 
metallic tip, penetrating and ploughing this monolayer.  
 
3.4.1. Surface topography of the gear teeth 
In order to take into account the component of the boundary conjunctional friction 
due to the interaction of the asperities, the surface profile of a run-in pinion tooth was studied. 
Two different techniques for determining the surface topography were employed, one optical 
and one mechanical. The optical technique employed is based on the principle of focus 
variation. An Alicona InfiniteFocus optical microscope was used for that purpose (figure 3.5). 
A rotational unit was attached on the table of the machine in order to mount the pinion.  
 
Figure 3.5, Alicona InfiniteFocus with the pinion attached on the rotational unit 
The principle of focus variation is explained below. Once the sample (pinion) has been 
placed on the rotational unit, the microscope is focused on the region of interest on the tooth. 
Once it is focused on that region, an upper and a lower focus boundaries are set. Cross-
sectional images are taken in between those boundaries. The compilation of those cross-
sectional images yields the 2D surface topography of the pinion tooth at the point of interest. 
The mechanical technique of surface profile measurements that was employed is that of 
stylus profilometry. Six surface profiles along the axial and the radial direction of the tooth 
were obtained, one set of two profiles on the heel of the tooth, one at the middle and one at 
the toe. It was observed that the surface roughness parameters for each of those three profiles 
were of similar magnitude. Once the surface profiles were obtained, the Greenwood-Tripp 
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parameters were calculated based on the procedure followed by Arcoumanis et al. 
(Arcoumanis et al. 1997). The pair of profiles at the middle of the pinion tooth were 
considered for the present study as illustrated by the yellow lines in figure 3.6.  
 
Figure 3.6, The pinion surface model along with the surface profiles considered (in 
yellow) 
The underlying assumption of that approach is that the heights of the tips of the asperities can 
be described by a Gaussian distribution. Three spectral moments can be determined as 
(McCool 1986): 
𝑚𝑚0 = 𝜕𝜕2(𝜕𝜕)�������                (3.98) 
𝑚𝑚2 = �𝑑𝑑𝜕𝜕(𝜕𝜕)𝑑𝑑𝜕𝜕 �2������������         (3.99) 
𝑚𝑚4 = �𝑑𝑑2𝜕𝜕(𝜕𝜕)𝑑𝑑𝜕𝜕2 �2��������������     (3.100) 
In order to account for the roughness profile along the axial and the radial direction of the 
pinion tooth, the three spectral moments (equations (3.98) – (3.100)), are calculated along 
those directions. The spectral moments are calculated twice for the pinion tooth surface, once 
along the axial direction and once along the radial direction, and finally twice for the gear 
surface. In the present study the corresponding gear tooth surface profile has not been 
determined since it is assumed that it is exactly the same as the pinion tooth surface profile. 
The choice of the axial and the radial directions of the pinion tooth for the determination of 
the spectral moments was made because the minimum and the maximum surface roughness is 
observed along those directions respectively. This is due to the fact that the axial direction of 
the tooth almost coincides with the direction of the polishing wear tracts on it. Equations 
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(3.101) – (3.103) are employed in order to calculate the equivalent isotropic spectral 
moments of each of the two surface of the pinion and the gear according to Sayles and 
Thomas (Sayles and Thomas 1976).  
𝑚𝑚0𝑒𝑒
𝑖𝑖 = 0.5�𝑚𝑚0𝑎𝑎𝑖𝑖 + 𝑚𝑚0𝑓𝑓𝑖𝑖 �      (3.101) 
𝑚𝑚2𝑒𝑒
𝑖𝑖 = �𝑚𝑚2𝑎𝑎𝑖𝑖 + 𝑚𝑚2𝑓𝑓𝑖𝑖             (3.102) 
𝑚𝑚4𝑒𝑒
𝑖𝑖 = �𝑚𝑚4𝑎𝑎𝑖𝑖 + 𝑚𝑚4𝑓𝑓𝑖𝑖             (3.103) 
In equations (3.101) – (3.103), the subscript 𝑖𝑖 refers to either the pinion or the gear tooth 
surface. The subscripts 𝑎𝑎 and 𝑟𝑟 refer to the axial and the radial directions of the teeth surface 
respectively. Finally, the equivalent isotropic moments for the composite interface are 
calculated as: 
𝑚𝑚𝑛𝑛,𝑐𝑐𝑒𝑒 = 𝑚𝑚𝑛𝑛𝑒𝑒𝑝𝑝 + 𝑚𝑚𝑛𝑛𝑒𝑒𝑔𝑔       (3.104) 
Where, subscript 𝑛𝑛 represents the spectral moment under determination and subscripts 𝜕𝜕 and 
𝑔𝑔 represent the pinion and the gear teeth surfaces respectively. As soon as the equivalent 
combined isotropic spectral moments are determined, the Greenwood-Tripp parameters can 
be calculated by employing equations (3.105) – (3.107) according to Longuet-Higgins 
(Longuet-Higgins 1957) and Bush et al. (Bush, Gibson, and Thomas 1975).  
𝜂𝜂𝐺𝐺 = 16𝜋𝜋√3𝑚𝑚4,𝑐𝑐𝑒𝑒𝑚𝑚2,𝑐𝑐𝑒𝑒          (3.105) 
𝛽𝛽𝐺𝐺 = 0.375� 𝜋𝜋𝑚𝑚4,𝑐𝑐𝑒𝑒       (3.106) 
𝜎𝜎𝐺𝐺 = �𝑚𝑚0,𝑐𝑐𝑒𝑒                  (3.107) 
The 2D surface topography of the pinion surface, using the focus variation technique, 
is observed in figure 3.7. Figure 3.7 also illustrates the 1D profile of the pinion tooth along its 
axial direction, taken by a stylus profilometer. A cross section along the axial direction of the 
tooth is taken from the 2D surface topography measurements. The surface roughness 
parameters calculated using the 2D surface profile measurements and the profile obtained by 
employing the stylus profilometry come in a very good agreement.  
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Figure 3.7, 3D surface topography of the run-in pinion (left) and a cross section along 
the axial direction of the tooth (right) 
 
By applying Arcoumanis method (Arcoumanis et al. 1997), the Greenwood-Tripp parameters 
for the run-in hypoid gear pair obtain the following values, 𝜂𝜂𝐺𝐺 = 0.0313 ∙ 1012  1 m2⁄ , 
𝛽𝛽𝐺𝐺 = 0.7471 ∙ 10−6 m and 𝜎𝜎𝐺𝐺 = 0.4462 ∙ 10−6 m. The product of those three parameters is 
𝜂𝜂𝐺𝐺𝛽𝛽𝐺𝐺𝜎𝜎𝐺𝐺 = 0.0104  which is significantly lower as compared to the lower limit of the 
recommendation by Greenwood and Tripp (J. A. Greenwood & Tripp, 1970). This is due to 
the polishing of the pinion and the ring gear teeth surfaces after some cycles of operation, due 
to the effect of running in. 
 
3.5. EHD thermal analysis 
The temperature rise in an EHD conjunction due to the effect of the shear heating of 
the lubricant as well as due to the interaction of the asperities is responsible for the reduction 
of the value of the low shear dynamic viscosity of the lubricant, leading to a subsequent 
reduction of the viscous traction but also to a reduction of the film thickness, when the 
lubricant is heated at the inlet zone of the conjunction (Olver and Spikes 1998). There are 
several studies in the published literature which deal with the determination of the 
temperature distribution in EHD contacts. The majority of those studies employ the 
numerical solution of the full energy equation in the EHD conjunction in order to do so (i.e. 
(Habchi et al. 2008; Xu and Sadeghi 1996). Although the predictions using this approached 
can be deemed as more accurate, the computational effort in order to yield the numerical 
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solution of the energy equation in conjunction with the EHD equations leads to a 
computationally intensive problem. For that purpose in the present study an analytical 
formulation, able to calculate the temperature rise of the lubricant at the inlet and at the centre 
of the conjunction, is going to be described.  
An analytical formulation, able to calculate the inlet temperature rise, as well as the 
temperature rise at the centre of the EHL point contact, is presented. The methodology is 
based on the heat partition concept. The method recommended by Olver et al. (Olver & 
Spikes, 1998; Olver, 1991) is followed. The thermal network model used in the present 
analysis is the one illustrated in figure 3.8. 
 
Figure 3.8, Thermal Network used 
The total heat input rate in the contact ?̇?𝑞 is due to the work produced by the friction force and 
its value can be calculated according to: 
?̇?𝑞 = 𝜇𝜇𝑊𝑊(𝛥𝛥𝑈𝑈)𝑑𝑑𝑡𝑡𝑑𝑑      (3.108) 
In equation (3.108) 𝜇𝜇 is the coefficient of the flank friction, containing the components of the 
viscous and the asperity friction, 𝑊𝑊 is the load carried by the flank, and 𝛥𝛥𝑈𝑈 is the sliding 
speed in the conjunction. The coefficient of the flank friction can be calculated either by 
using an analytical approximation, or numerically using the point contact EHL solver. In the 
analytical calculation of the coefficient of friction, the central film thickness is used as the 
value of the separation between the sliding surfaces in conjunction. The central film thickness 
is calculated using the Chittenden-Dowson equation (equation 3.78) (Chittenden et al. 1985b). 
Despite the fact that the Chittenden-Dowson equation was created using the assumption that 
the lubricant exhibits Newtonian behaviour, it is assumed that it is valid for non-Newtonian 
lubricants since the value of the central film thickness is depended on the inlet conditions. 
Since the shear rate at the inlet of the conjunction is orders of magnitude lower compared 
αhq̇ (1 − αh)q̇ 
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with the shear rate at the centre of the contact, it is assumed that the effect of the inlet shear 
thinning on the central film thickness can be neglected.  
The frictional heating is assumed to occur at the longitudinal mid-plane of the film. 
This means that, in terms of heat conduction, the heat is transferred through two different 
paths. The first path is through the half film thickness, and then to the pinion surface itself, 
whereas the second path is through the half film to the gear surface. It is assumed that the 
heat convection is negligible. The heat transferred through each of the paths described, can be 
determined using the heat partition coefficient 𝛼𝛼ℎ which is given by (Olver 1991): 
𝛼𝛼ℎ = 1.06𝐵𝐵2 + ℎ𝑐𝑐/(2𝑘𝑘𝑡𝑡𝑖𝑖𝑙𝑙𝐴𝐴𝐸𝐸𝐷𝐷𝐸𝐸)1.06(𝐵𝐵1 + 𝐵𝐵2) + ℎ𝑐𝑐/(𝑘𝑘𝑡𝑡𝑖𝑖𝑙𝑙𝐴𝐴𝐸𝐸𝐷𝐷𝐸𝐸)      (3.109) 
For hypoid gear pairs, the temperature of each of the contacting bodies at the inlet can be 
calculated as (Olver 2002): 
𝑇𝑇𝐵𝐵1 = 𝑇𝑇𝐴𝐴 + 20      (3.110) 
𝑇𝑇𝐵𝐵2 = 𝑇𝑇𝐴𝐴 + 20      (3.111) 
Where, 𝑇𝑇𝐴𝐴 is the ambient temperature of the oil at the oil bath. In order to determine the inlet 
temperature of the oil, equation (3.112) is used. The temperature rise at the inlet is due to the 
contact of the oil with the hotter surfaces of the contacting bodies and can be estimated 
according to the following simple mixing model: 
𝑇𝑇𝑖𝑖𝑛𝑛 = 𝑈𝑈1𝑇𝑇𝐵𝐵1 + 𝑈𝑈2𝑇𝑇𝐵𝐵2𝑈𝑈1 + 𝑈𝑈2       (3.112) 
The inlet temperature 𝑇𝑇𝑖𝑖𝑛𝑛 is the one used in order to determine the value of the inlet low shear 
viscosity of the lubricant which is then going to be used in conjunction with the Chittenden-
Dowson equations in order to estimate the value of the central film thickness. When a hypoid 
gear pair EHD conjunction is considered, equations (3.110) and (3.111) are employed. 
However, for the simple case of a ball against a flat, the Inlet Shear Heating (ISH) is taken 
into account. This is done by employing the formulation described in the Section 3.6.1. The 
average temperature of the lubricant at the centre of the contact is given by: 
𝑇𝑇𝑐𝑐 = 𝑇𝑇𝑖𝑖𝑛𝑛 + �𝛥𝛥𝑇𝑇𝑒𝑒�𝑎𝑎𝑣𝑣 + (𝛥𝛥𝑇𝑇𝑡𝑡𝑖𝑖𝑙𝑙)𝑎𝑎𝑣𝑣      (3.113) 
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As seen in equation (3.113), average temperature at the centre of the contact is a function of 
the inlet temperature, the temperature rise due to the effect of the flash temperature and the 
temperature rise due to the shearing of the lubricant. The temperature rise due to the effect of 
the flash temperature is given by equation (3.114), while the temperature rise due to the 
shearing of the lubricant is given by equation (3.115) as: 
�𝛥𝛥𝑇𝑇𝑒𝑒�𝑎𝑎𝑣𝑣 = 1.06𝐵𝐵1𝛼𝛼ℎ?̇?𝑞      (3.114) 
(𝛥𝛥𝑇𝑇𝑡𝑡𝑖𝑖𝑙𝑙)𝑎𝑎𝑣𝑣 = 𝛥𝛥𝑈𝑈𝜏𝜏𝑒𝑒ℎ𝑐𝑐8𝑘𝑘𝑒𝑒          (3.115) 
In equation (3.109), 𝐵𝐵1 and 𝐵𝐵2 are the transient thermal resistances of the pinion and the gear 
bodies respectively. Their values can be calculated by using (Olver 1991): 
𝐵𝐵1 = 1𝐴𝐴𝐸𝐸𝐷𝐷𝐸𝐸𝑘𝑘1 � 𝜒𝜒1𝑙𝑙1𝑈𝑈𝑑𝑑𝑡𝑡𝑑𝑑,1�1/2       (3.116) 
𝐵𝐵2 = 1𝐴𝐴𝐸𝐸𝐷𝐷𝐸𝐸𝑘𝑘2 � 𝜒𝜒2𝑙𝑙2𝑈𝑈𝑑𝑑𝑡𝑡𝑑𝑑,2�1/2       (3.117) 
In equations (3.109), (3.116) and (3.117), 𝐴𝐴𝐸𝐸𝐷𝐷𝐸𝐸  represents the area of the contact ellipse 
which is equal to 𝜋𝜋𝑎𝑎𝑏𝑏, while 𝜒𝜒1 and 𝜒𝜒2 are the thermal diffusivities of the contacting bodies. 
Their values can be calculated using: 
𝜒𝜒1 = 𝑘𝑘1𝜌𝜌1𝑐𝑐𝑝𝑝1       (3.118) 
𝜒𝜒2 = 𝑘𝑘2𝜌𝜌2𝑐𝑐𝑝𝑝2       (3.119) 
Finally, 𝑙𝑙1 and 𝑙𝑙2 appearing in equations (3.116) and (3.117) represent the active length along 
which transient heat conduction takes place. Those can be calculated according to Coleman 
(Coleman 1967) as: 
𝑙𝑙𝑖𝑖 = �𝑎𝑎ℎ2𝑏𝑏ℎ2[tan2(𝜃𝜃𝑖𝑖) + 1]
𝑎𝑎ℎ2 + 𝑏𝑏ℎ2tan2(𝜃𝜃𝑖𝑖)       (3.120) 
In equation (3.120) 𝜃𝜃𝑖𝑖 represents the angle between the semi-minor axis of the contact ellipse 
and the vector sum of the surface velocities of the 𝑖𝑖𝑑𝑑ℎ surface of the pair.  
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In (3.116) and (3.117), 𝑈𝑈𝑑𝑑𝑡𝑡𝑑𝑑,𝑖𝑖 is the total surface velocity of the 𝑖𝑖𝑑𝑑ℎ surface. When steel on 
steel contact is assumed, as in the case of hypoid gear pairs, then 𝜒𝜒1 = 𝜒𝜒2 = 𝜒𝜒𝑠𝑠 = 7.8 ∙10−6  m2 s⁄ .  
 
3.5.1. Inlet shear heating model 
The present section presents the formulation developed in order to estimate the inlet 
temperature rise in the EHD conjunction due to the influence of the ISH. This is only applied 
when the angle of the lubricant entraining velocity and the semi-major/semi-minor axis of the 
contact ellipse is 0 (no angled flow). Hence, its application on hypoid gear pair conjunctions 
is not recommended. However, this theory was developed in order to validate the predictions 
of the friction model against experimental data (presented in Chapter 5) where a ball against a 
flat conjunction is assumed and the direction of the lubricant entraining velocity coincides 
with the semi-minor axis of the contact footprint.  
In order to estimate the increase of the lubricant temperature due to the ISH, an inlet zone 
analysis is performed. The assumptions upon which this is performed are: 
1. The oil at inlet behaves in Newtonian way; hence the effect of the inlet shear thinning 
is neglected.  
2. The thickness of the lubricant film at the inlet point 𝜕𝜕 = −𝑏𝑏ℎ is equal to the value of 
the central film thickness ℎ𝑐𝑐. 
3. Pressure gradient is the main driving force of the flow in the inlet zone along the 
direction of entraining motion.  
4. The thermal properties of the lubricant do not vary significantly with temperature.  
The energy equation for the inlet zone of the EHD conjunction is expressed based on the 
approach followed by Greenwood and Kauzlarich (Greenwood and Kauzlarich 1973) as: 
−𝑘𝑘𝑒𝑒
𝑑𝑑2𝑇𝑇
𝑑𝑑𝜕𝜕2
�
𝑧𝑧=−𝑏𝑏ℎ
= 𝜕𝜕2
𝜂𝜂(𝑇𝑇𝑖𝑖𝑛𝑛)�𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕�𝑧𝑧=−𝑏𝑏ℎ�2       (3.121) 
The pressure gradient at the inlet, which is approximately located at 𝜕𝜕 = −𝑏𝑏ℎ , along the 
direction of entraining motion cannot be determined analytically. In order to overcome this 
difficulty, an alternative approach has been followed. The basis of this approach makes use of 
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the fact that 𝜕𝜕𝑖𝑖 ≈ 1 𝑎𝑎∗⁄  (where 𝑎𝑎∗ is the reciprocal asymptotic iso-viscous pressure viscosity 
coefficient) at 𝑋𝑋 = 𝜕𝜕 𝑏𝑏ℎ⁄ = −1 according to Cameron (Cameron 1966), which is valid for 
Grubin type EHD conjunctions. Since the pressure at the centre of the conjunction is 𝜕𝜕 = 𝜕𝜕ℎ, 
the pressure gradient along the direction of entraining motion at the inlet of the conjunction 
can be approximated by: 
𝑑𝑑𝜕𝜕
𝑑𝑑𝜕𝜕
�
𝑧𝑧=−𝑏𝑏ℎ
≈
𝜕𝜕ℎ,𝑚𝑚𝑎𝑎𝑧𝑧 − (1 𝛼𝛼∗⁄ )
𝑎𝑎ℎ
      (3.122) 
Figure 3.9 illustrates the concept of the inlet pressure gradient approximation. The main 
disadvantages of this approximation are: 
1. As seen in figure 3.9, the real slope of the pressure at the inlet point is generally 
higher as compared with the approximate one (close to 10%~15%) since the discrete 
points of known pressure used have a significant distance between them (equal to the 
radius of the circular contact footprint).  
2. The variation of the SRR is not taken into account in the calculation of the inlet 
temperature rise since equation (3.121) assumes conditions of pure rolling at the inlet. 
It is known that increasing SRR leads to increased inlet temperature rise (Gupta et al. 
2008). However, given the conditions and the properties of the lubricants used in this 
study, the difference between the thermal reduction coefficient (see Chapter 5) at 0% 
SRR and 50% SRR, according to Gupta et al. (Gupta et al. 2008) is merely 8%. 
Hence, it is considered to be reasonable to apply the ISH described here to higher 
SRR values representing the conditions at MTM without significant error.  
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Figure 3.9, Schematic of the approximation of the pressure gradient at the inlet of the 
EHD conjunction 
Substituting (3.122) into (3.121) and integrating (3.121) across the film yields: 
𝛥𝛥𝑇𝑇𝑖𝑖𝑛𝑛 = 𝑇𝑇𝑖𝑖𝑛𝑛 − 𝑇𝑇𝑏𝑏𝑎𝑎𝑑𝑑ℎ = 564 ℎ𝑐𝑐4𝑘𝑘𝑒𝑒𝜂𝜂(𝑇𝑇𝑖𝑖𝑛𝑛)𝑏𝑏ℎ2 �𝜕𝜕ℎ,𝑚𝑚𝑎𝑎𝑧𝑧 − 1𝛼𝛼∗�2       (3.123) 
The boundary conditions used to calculate the integration constants while integrating 
equation (3.121) where, 𝑇𝑇(𝜕𝜕 = 0) = 𝑇𝑇(𝜕𝜕 = ℎ𝑐𝑐) = 𝑇𝑇𝑏𝑏𝑎𝑎𝑑𝑑ℎ . The inlet temperature is then 
calculated at the mid-plane between the surfaces in conjunction, hence 𝑇𝑇𝑖𝑖𝑛𝑛 = 𝑇𝑇(𝜕𝜕 = ℎ𝑐𝑐 2⁄ ).  
The advantage of the ISH formulation described above over the already existing 
methodologies is on the direct estimation of the inlet temperature rise through which the inlet 
viscosity can be adjusted, rather than the determination of a thermal correction coefficient for 
adjusting the central film thickness instead as for example in Gupta et al. (Gupta et al. 2008). 
As demonstrated in Chapter 5, the degree of starvation can be influenced by the intensity of 
the ISH, since this is controlled by the inlet viscosity and hence the inlet temperature. To 
Chapter 3, Lubrication Analysis 
 
69 
 
capture this interplay between the mechanisms of starvation and ISH, it is important to know 
the inlet temperature.  
 
3.6. Conclusions 
 In this chapter, the methodology used to calculate the amount of the viscous and 
boundary friction in EHD conjunctions has been developed and described. Both an analytical 
and a numerical approach have been followed, permitting a relatively accurate and fast 
calculation of the friction force (analytical approach) as well as a better insight view in the 
EHD conjunction, revealing phenomena such as that of the inlet shear thinning (numerical 
approach). The high temperature, high shear and high pressure response of the lubricant 
under examination has been accounted for through suitable models. An analytical thermal 
model has also been presented, in order to permit the estimation of the average temperature 
rise of the lubricant at the central region of the EHD conjunction. The inlet shear heating 
phenomenon is also discussed and its influence on circular point contacts is considered 
through employing a suitable analytical formulation. The application of the friction models 
discussed in the present chapter on the gear system will permit the prediction of the 
conjunctional efficiency of those systems (Chapter 6).   
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Chapter 4, Gear Tribodynamic Analysis 
 In the present chapter, the theory behind the tribodynamics analysis of a hypoid gear 
pair is going to be presented. The term tribodynamics is attributed to this analysis since the 
dynamic response of the system is examined in conjunction with the frictional behaviour of 
the flanks of the gear pair, which means that the conjunctional friction force is taken into 
account when formulating the equations of motion for the gear pair. The calculation of the 
conjunctional friction is initially performed analytically, by following a certain methodology 
described in the following sections, and then numerically by employing the EHD model 
described in the previous chapter. A general overview of the gear tribo-dynamic model 
developed for the present study is illustrated in figure 4.1. 
 
Figure 4.1, Flowchart of the tribo-dynamic model 
As seen in figure 4.1, the input variables in the model are categorized in the following 4 
different groups, 
1. Lubricant rheological data (low shear dynamic viscosity, low shear dynamic viscosity 
response in high temperature and high pressure, high shear flow curves at different 
temperatures, density, thermal properties in order to study the viscous response of the 
lubricant in the EHD conjunction). 
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2. Gear/Pinion tooth surface topography (surface roughness parameters of the mating 
surfaces in order to predict the friction component due to the interaction of the 
asperities). 
3. Gear geometry data, in order to be able to predict the contact kinematic parameters 
and between the meshing teeth. 
4. Real life driving conditions, which are the input conditions into the gear dynamics 
code and are related to the operating conditions of the vehicle. 
The lubricant rheological data, along with the surface topography data of the pinion and 
the ring gear mating surfaces, are an exclusive input of the lubrication model. The lubrication 
model itself involves either the numerical EHD solver, as described in the previous chapter, 
or the analytical friction solver which is going to be described in the following section of the 
present chapter.  
The contact geometry parameters are the output of the Tooth Contact Analysis (TCA). 
Hypoid gears are considered as the most general type of gearing, in terms of their geometry, 
meaning that any type of gearing (spiral bevel, helical bevel, spur etc.) can be geometrically 
represented by a hypoid gear pair with some of its geometrical features being simplified 
(Stadtfeld and Gaiser 2000). Consequently, the geometric complexities describing the local 
geometry of the meshing teeth of a hypoid gear pair make the analytical determination of the 
contact parameters impossible. For that purpose, the TCA is employed which calculates 
numerically, using the finite element method, the values of the contact parameters for 
different values of the pinion angle. The input of the TCA is a set of variables which can fully 
describe the geometry of a hypoid gear pair, such as the root angle, the face angle, the 
number of teeth of the pinion and the ring gear, the offset between the pinion and the ring 
gear shafts etc. The contact geometry parameters are grouped in two categories. The first 
category involves the parameters which are being used by the lubrication analysis model, 
such as the local contact radii of the pinion and the ring gear, the surface velocities of the 
meshing teeth as well as the load share per tooth of the total contact load transmitted through 
the pair. The second category involves the contact parameters which are used as input for the 
gear dynamics model. Those parameters are the static transmission error, the equivalent total 
meshing stiffness of the mating teeth and the instantaneous contact radii of the pinion and the 
ring gear.  
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The real life driving conditions, which mainly include the value of the torque provided by 
the engine, through the transmission to the differential unit, are an exclusive input of the gear 
dynamics code. The input torque at the pinion shaft is equal to 𝑇𝑇𝑠𝑠 and for the purposes of the 
present study, it is assumed to be constant with time.  
The solution of the lubrication problem yields the value of the conjunctional friction force, 
which in turn can act as an excitation for the gear dynamics problem. On the other hand, the 
solution of the gear dynamics problem yields the value of the contact load that should be 
supported by the flanks of the pair at any instant of time. In turn, the flank contact load has an 
influence on the value of the flank friction, calculated by the lubrication model. This means 
that the lubrication and the gear dynamics models are strongly coupled, with the flank contact 
load being the coupling variable from the gear dynamics model to the lubrication model and 
the flank friction force from the lubrication model to the gear dynamics model. This 
necessitates the simultaneous solution of those two models in order to be able to effectively 
capture the effect of the torsional gear dynamics on the flank friction force, and hence the 
mechanical efficiency of the pair.  
 
4.1.Tooth contact analysis 
Tooth Contact Analysis (TCA) is the procedure through which the contact between the 
meshing teeth is examined in terms of its geometry and its kinematics. Critical parameters 
such as the pinion and the ring gear contact radii, the unloaded Static Transmission Error 
(STE), the teeth meshing stiffness, the load share per tooth, the local radii of curvature 
between the teeth and the corresponding surface velocities can be determined and then used 
as input to the tribo-dynamics model. The TCA can be distinguished in two categories, 
namely the Unloaded TCA (UTCA) and the Loaded TCA (LTCA) (Kolivand and Kahraman 
2009). When the UTCA is considered, the contact load, and hence the input/resistive load at 
the pinion/ring gear respectively, is infinitesimally low, practically very low compared with 
the nominal loading conditions. The UTCA yields information about the variation of the 
Unloaded Static Transmission Error (USTE) 𝑒𝑒 as a function of the pinion angle 𝜑𝜑𝑝𝑝, which is 
mainly due to the manufacturing and the assembly imperfections of the gear pair 
(Karagiannis 2013).  The LTCA is performed to calculate the remaining contact parameters 
of the pair (pinion/ring gear contact radii, meshing stiffness etc.).  
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In the present study, the TCA has been performed by using the TCA software 
CALYX (Vijayakar 1998). All the necessary data describing the geometry and the assembly 
of the hypoid gear pair are included in a Special Analysis File (SAF), which has been 
provided by the OEM. The SAF has been used as an input file in CALYX. The hypoid gear 
pair examined is composed by a pinion gear and a ring gear and the corresponding number of 
teeth is 𝑁𝑁𝑝𝑝 = 12 and 𝑁𝑁𝑔𝑔 = 41. Once the SAF is processed by CALYX, a solid model of the 
gear pair is constructed and then discretised by employing the Finite Element Method (FEM). 
The discretised solid model of the hypoid gear pair examined is illustrated in figure 4.2. 
 
Figure 4.2, Discretised solid model of the gear pair (obtained through CALYX) 
Once the FEM model is constructed, the TCA can be performed at different load and speed 
conditions. More specifically, a contact finite element mesh is constructed at the region of the 
teeth flanks where contact is estimated to occur. Then the contact algorithm can detect the 
nodal positions of the contact mesh with the less distance between them (minimum separation) 
yielding the location of the point of contact. In this study, the speed of the pinion is kept 
constant to 𝑛𝑛𝑝𝑝 = 1 kRPM while the pinion torque is 𝑇𝑇𝑝𝑝 = 1 Nm, for the UTCA and then 
ranges from 𝑇𝑇𝑝𝑝 = 10 Nm up to 𝑇𝑇𝑝𝑝 = 200 Nm with a 10 Nm load step for the case of LTCA. 
The contact radii, meshing points (effective points of contact between the pinion and the ring 
gear flanks), the unit normal vectors at the point of contact and the load sharing factor have 
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been determined for 𝑇𝑇𝑝𝑝 = 50 Nm. Each analysis is performed for 10 meshing cycles and 
each meshing cycle contains 20 quasistatic solutions (20 points per meshing cycle).  
 Once the TCA is performed, the loading conditions on the individual flanks, the 
reaction forces acting on each member due to the tooth loading as well as the contact 
kinematics and geometry of the flanks has been determined. Figure 4.3 illustrates the contour 
plot of the distribution of the Von Mises stress on the surface of the engaged teeth of the ring 
gear for 𝑇𝑇𝑝𝑝 = 50 Nm and 𝑛𝑛𝑝𝑝 = 1 kRPM.  
 
Figure 4.3, Discretised solid model of the gear pair (obtained through CALYX) 
The contact radius of each member of the pair describes the instantaneous lever arm of the 
moment produced by the meshing forces about the axis of rotation of the same member. For 
the purposes of determining the contact radii, the meshing stiffness and the static 
transmission error, it is assumed that the flank contact load is concentrated on only 1 flank, 
which is in line with previous studies (Cheng and Lim 2001; Karagiannis, Theodossiades, 
and Rahnejat 2012; Mohammadpour, Theodossiades, and Rahnejat 2014; Peng and Lim 2009) 
and it is shown that even under this assumption the dynamics of the system can be effectively 
described for a wide range of loading conditions (Wang, Lim, and Yang 2013). The pinion 
and the ring gear contact radii are determined according to Karagiannis (Karagiannis 2013) as: 
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𝑅𝑅𝑝𝑝 = 𝑛𝑛�⃗ �𝑆𝑆𝑝𝑝� ∙ �𝑘𝑘�⃗�𝑝𝑝 × 𝑟𝑟𝑀𝑀�𝑆𝑆𝑝𝑝��       (4.1) 
𝑅𝑅𝑔𝑔 = 𝑛𝑛�⃗ �𝑆𝑆𝑔𝑔� ∙ �𝑘𝑘�⃗�𝑔𝑔 × 𝑟𝑟𝑀𝑀�𝑆𝑆𝑔𝑔��       (4.2) 
Where, 𝑛𝑛�⃗ (𝑆𝑆𝑖𝑖) is the unit normal vector in the direction of the concentrated flank contact load 
expressed with respect to the fixed reference frame of member 𝑖𝑖 (𝑖𝑖 = 𝑝𝑝 for pinion and 𝑖𝑖 = 𝑔𝑔 
for the ring gear), 𝑘𝑘�⃗�𝑖𝑖 is the unit normal vector laying on the axis of rotation of member 𝑖𝑖 and 
𝑟𝑟𝑀𝑀
(𝑆𝑆𝑖𝑖) is the position vector of the meshing point expressed in the fixed reference frame of 
member 𝑖𝑖 . Figure 4.4 illustrates the aforementioned contact parameters along with their 
relationship to the corresponding coordinate system.  
 
Figure 4.4, Illustration of the gear pair contact parameters 
The determination of the unit normal vector in the direction of the concentrated flank contact 
load and the position vector of the meshing point for each member is done by using the 
reaction forces and moments acting on and about the origin of each individual fixed 
coordinate system. The output of CALYX contains information regarding the magnitude of 
the reaction forces and moments for each time step, which are expressed with respect to the 
coordinate system of each member of the pair. However, those coordinate systems are rigidly 
attached on the corresponding member, meaning that a coordinate transformation is required 
Chapter 4, Gear Tribodynamic Analysis 
 
76 
 
in order to express those quantities with respect to equivalent, but fixed coordinate systems. 
Those fixed coordinate systems coincide with the rigidly attached frames of reference when 
𝜑𝜑𝑝𝑝 = 𝜑𝜑𝑔𝑔 = 0 . Also, the rotation of each individual member is about the 𝑧𝑧  axis of the 
corresponding frame of reference. In order to transform the reaction from one frame of 
reference to the other, the following rotation matrix is used: 
[𝑅𝑅]𝑧𝑧𝑖𝑖 = �cos(𝜑𝜑𝑖𝑖) −sin(𝜑𝜑𝑖𝑖) 0sin(𝜑𝜑𝑖𝑖) cos(𝜑𝜑𝑖𝑖) 00 0 1�       (4.3) 
Using the rotation matrix described in equation (4.3), the reaction force and moment vector 
with respect to the fixed local frame of each member can be found as: 
?⃗?𝐹𝑟𝑟,𝑓𝑓𝑖𝑖𝑓𝑓𝑓𝑓𝑓𝑓(𝑆𝑆𝑖𝑖) = ([𝑅𝑅]𝑧𝑧𝑖𝑖)−1?⃗?𝐹𝑟𝑟,𝑎𝑎(𝑆𝑆𝑖𝑖)        (4.4) 
𝑀𝑀��⃗ 𝑟𝑟,𝑓𝑓𝑖𝑖𝑓𝑓𝑓𝑓𝑓𝑓(𝑆𝑆𝑖𝑖) = ([𝑅𝑅]𝑧𝑧𝑖𝑖)−1𝑀𝑀��⃗ 𝑟𝑟,𝑎𝑎(𝑆𝑆𝑖𝑖)      (4.5) 
The index 𝑆𝑆𝑖𝑖 denoted the reference frame considered (𝑖𝑖 = 𝑝𝑝 for the pinion and 𝑖𝑖 = 𝑔𝑔 for the 
gear). Once the reaction loads are known, the total contact load can be determined by 
applying the force equilibrium on each member of the pair. Since the contact and the reaction 
force are the only forces acting on the pinion and the ring gear, the contact load for each 
member can be calculated as: 
𝑊𝑊���⃗ (𝑆𝑆𝑖𝑖) = −?⃗?𝐹𝑟𝑟,𝑓𝑓𝑖𝑖𝑓𝑓𝑓𝑓𝑓𝑓(𝑆𝑆𝑖𝑖)       (4.6) 
The unit normal vector along the direction of the contact load with respect to the reference 
frame of each member can be calculated as: 
𝑛𝑛�⃗ (𝑆𝑆𝑖𝑖) = 𝑊𝑊���⃗ (𝑆𝑆𝑖𝑖)
�𝑊𝑊���⃗ (𝑆𝑆𝑖𝑖)�       (4.7) 
The determination of the position vector of the concentrated contact load can be performed 
by considering the moment equilibrium with respect to each reference frame. This is satisfied 
if: 
𝑟𝑟𝑚𝑚
(𝑆𝑆𝑖𝑖) × 𝑊𝑊���⃗ (𝑆𝑆𝑖𝑖) = −𝑀𝑀��⃗ 𝑟𝑟,𝑓𝑓𝑖𝑖𝑓𝑓𝑓𝑓𝑓𝑓(𝑆𝑆𝑖𝑖)       (4.8) 
Expanding equation (4.8) yields the following linear system of equations: 
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⎣
⎢
⎢
⎡ 0 𝑊𝑊𝑓𝑓(𝑆𝑆𝑖𝑖) −𝑊𝑊𝑦𝑦(𝑆𝑆𝑖𝑖)
𝑊𝑊𝑧𝑧
(𝑆𝑆𝑖𝑖) 0 −𝑊𝑊𝑓𝑓(𝑆𝑆𝑖𝑖)
𝑊𝑊𝑦𝑦
(𝑆𝑆𝑖𝑖) −𝑊𝑊𝑓𝑓(𝑆𝑆𝑖𝑖) 0 ⎦⎥⎥
⎤
⎩
⎨
⎧𝑟𝑟𝑚𝑚,𝑓𝑓(𝑆𝑆𝑖𝑖)
𝑟𝑟𝑚𝑚,𝑦𝑦(𝑆𝑆𝑖𝑖)
𝑟𝑟𝑚𝑚,𝑧𝑧(𝑆𝑆𝑖𝑖)⎭⎬
⎫ =
⎩
⎪
⎨
⎪
⎧−𝑀𝑀𝑟𝑟,𝑓𝑓𝑖𝑖𝑓𝑓𝑓𝑓𝑓𝑓,𝑓𝑓(𝑆𝑆𝑖𝑖)
𝑀𝑀𝑟𝑟,𝑓𝑓𝑖𝑖𝑓𝑓𝑓𝑓𝑓𝑓,𝑦𝑦(𝑆𝑆𝑖𝑖)
−𝑀𝑀𝑟𝑟,𝑓𝑓𝑖𝑖𝑓𝑓𝑓𝑓𝑓𝑓,𝑧𝑧(𝑆𝑆𝑖𝑖) ⎭⎪⎬
⎪
⎫       (4.9) 
Since, 𝑊𝑊���⃗ (𝑆𝑆𝑖𝑖) = �𝑊𝑊𝑓𝑓(𝑆𝑆𝑖𝑖) 𝑊𝑊𝑦𝑦(𝑆𝑆𝑖𝑖) 𝑊𝑊𝑧𝑧(𝑆𝑆𝑖𝑖)�𝑇𝑇 , 𝑟𝑟𝑚𝑚(𝑆𝑆𝑖𝑖) = �𝑟𝑟𝑚𝑚,𝑓𝑓(𝑆𝑆𝑖𝑖) 𝑟𝑟𝑚𝑚,𝑦𝑦(𝑆𝑆𝑖𝑖) 𝑟𝑟𝑚𝑚,𝑧𝑧(𝑆𝑆𝑖𝑖)�𝑇𝑇  and 𝑀𝑀��⃗ 𝑟𝑟,𝑓𝑓𝑖𝑖𝑓𝑓𝑓𝑓𝑓𝑓(𝑆𝑆𝑖𝑖) =
�𝑀𝑀𝑟𝑟,𝑓𝑓𝑖𝑖𝑓𝑓𝑓𝑓𝑓𝑓,𝑓𝑓(𝑆𝑆𝑖𝑖) 𝑀𝑀𝑟𝑟,𝑓𝑓𝑖𝑖𝑓𝑓𝑓𝑓𝑓𝑓,𝑦𝑦(𝑆𝑆𝑖𝑖) 𝑀𝑀𝑟𝑟,𝑓𝑓𝑖𝑖𝑓𝑓𝑓𝑓𝑓𝑓,𝑧𝑧(𝑆𝑆𝑖𝑖) �𝑇𝑇 . The system of equation (4.9) has a 0 determinant, 
suggesting that there might be an infinite number of solutions. This has been proven by 
Karagiannis (Karagiannis 2013). To overcome this problem the 𝑧𝑧 component of the position 
vector is set 𝑟𝑟𝑚𝑚,𝑧𝑧(𝑆𝑆𝑖𝑖) = 𝑐𝑐𝑓𝑓 yielding: 
𝑟𝑟𝑚𝑚
(𝑆𝑆𝑖𝑖) =
⎩
⎨
⎧𝑟𝑟𝑚𝑚,𝑓𝑓(𝑆𝑆𝑖𝑖)
𝑟𝑟𝑚𝑚,𝑦𝑦(𝑆𝑆𝑖𝑖)
𝑟𝑟𝑚𝑚,𝑧𝑧(𝑆𝑆𝑖𝑖)⎭⎬
⎫ =
⎩
⎪⎪
⎨
⎪⎪
⎧ 𝑀𝑀𝑟𝑟,𝑓𝑓𝑖𝑖𝑓𝑓𝑓𝑓𝑓𝑓,𝑦𝑦(𝑆𝑆𝑖𝑖) + 𝑡𝑡𝑊𝑊𝑓𝑓(𝑆𝑆𝑖𝑖)
𝑊𝑊𝑧𝑧
(𝑆𝑆𝑖𝑖)
−
𝑀𝑀𝑟𝑟,𝑓𝑓𝑖𝑖𝑓𝑓𝑓𝑓𝑓𝑓,𝑓𝑓(𝑆𝑆𝑖𝑖) + 𝑡𝑡𝑊𝑊𝑦𝑦(𝑆𝑆𝑖𝑖)
𝑊𝑊𝑧𝑧
(𝑆𝑆𝑖𝑖)
𝑐𝑐𝑓𝑓 ⎭
⎪⎪
⎬
⎪⎪
⎫       (4.10) 
By implementing equation (4.10) and (4.7) into (4.1) and (4.2), the variation of the contact 
radii of the pinion and the ring gear can be captured as the meshing cycle progresses.  
 The TCA results can also be used in order to determine the variation the meshing 
stiffness of the teeth within the meshing cycle, as well as for different loads. For the 
determination of the meshing stiffness it is assumed that the contact load is concentrated on a 
single point. For a given load (torque) at the pinion, the meshing stiffness can be found 
according to (Karagiannis 2013): 
𝑘𝑘𝑚𝑚�𝜑𝜑𝑝𝑝,𝑇𝑇𝑝𝑝� = 𝑊𝑊
𝑅𝑅𝑝𝑝�𝜑𝜑𝑝𝑝�𝑒𝑒𝑇𝑇𝑝𝑝�𝜑𝜑𝑝𝑝� − 𝑒𝑒0�𝜑𝜑𝑝𝑝�
      (4.11) 
Where, 𝑅𝑅𝑝𝑝 = 𝑅𝑅𝑝𝑝�𝜑𝜑𝑝𝑝� is the contact radius for the pinion which is found according to (4.1), 
𝑒𝑒𝑇𝑇𝑝𝑝  is the loaded static transmission error (the relative torsional deflection between the 
members of the gear pair) at 𝑇𝑇𝑝𝑝 pinion torque, and 𝑒𝑒0 is the unloaded static transmission error 
which is practically, the loaded static transmission error for low pinion torque (1 mNm).  
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 For the purposes of the present analysis, three different hypoid gear sets have been 
considered. The parameters corresponding to each of the gear sets under consideration are 
listed in tables 4.1 – 4.3. 
 
 
Parameter (unit) Pinion Ring gear 
Number of teeth (−) 13 36 
Face width (mm) 33.85 30 
Face angle (°) 29.05 59.65 
Back angle (°) 29.05 59.65 
Front angle (°) 29.05 59.65 
Spiral angle (°) 46 27.6 
Outer cone distance (mm) 83.08 95.6 
Offset (mm) 24 24 
Table 4.1, Parameters describing gear set 1 
Parameter (unit) Pinion Ring gear 
Number of teeth (−) 15 41 
Face width (mm) 40.76 38.2 
Face angle (°) 27.77 61.6 
Back angle (°) 27.77 61.6 
Front angle (°) 27.77 61.6 
Spiral angle (°) 40 26.96 
Outer cone distance (mm) 95.63 112.53 
Offset (mm) 20 20 
Table 4.2, Parameters describing gear set 2 
Parameter (unit) Pinion Ring gear 
Number of teeth (−) 12 41 
Face width (mm) 39.38 36.5 
Face angle (°) 22.74 66.7 
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Back angle (°) 22.74 66.7 
Front angle (°) 22.74 66.7 
Spiral angle (°) 40 26.62 
Outer cone distance (mm) 92.42 107.8 
Offset (mm) 20 20 
Table 4.3, Parameters describing gear set 3 
Gear set 1 (default) is identical to the one employed in the studies of Karagiannis et al. 
(Karagiannis et al. 2012) as well Mohammadpour et al. (Mohammadpour, Theodossiades, 
and Rahnejat 2013; Mohammadpour, Theodossiades, Rahnejat, et al. 2013), which have been 
the source of the required geometrical information. The information describing the geometry 
of gear sets 2 and 3 have been provided by the Original Equipment Manufacturer (OEM), and 
has been used as input in Calyx in order to perform the TCA.  
 Once the contact radii of the pinion and the ring gear, the unloaded static transmission 
error and the meshing stiffness for different loads have been determined, those quantities are 
interpolated by using Fourier series. By doing as such, it is possible to express those 
quantities analytically as functions of the pinion, or the ring gear angle of rotation. The 
Fourier series of the aforementioned quantities are as follows: 
𝑅𝑅𝑝𝑝 = 𝑅𝑅𝑝𝑝,0 + �𝑅𝑅𝑝𝑝𝑠𝑠,𝑖𝑖sin�𝑖𝑖𝑁𝑁𝑝𝑝𝜑𝜑𝑝𝑝�8
𝑖𝑖=1
+ �𝑅𝑅𝑝𝑝𝑝𝑝,𝑖𝑖cos�𝑖𝑖𝑁𝑁𝑝𝑝𝜑𝜑𝑝𝑝�8
𝑖𝑖=1
        (4.12) 
𝑅𝑅𝑔𝑔 = 𝑅𝑅𝑔𝑔,0 + �𝑅𝑅𝑔𝑔𝑠𝑠,𝑖𝑖sin�𝑖𝑖𝑁𝑁𝑝𝑝𝜑𝜑𝑝𝑝�8
𝑖𝑖=1
+ �𝑅𝑅𝑔𝑔𝑝𝑝,𝑖𝑖cos�𝑖𝑖𝑁𝑁𝑝𝑝𝜑𝜑𝑝𝑝�8
𝑖𝑖=1
         (4.13) 
𝑒𝑒0 = 𝑒𝑒0,0 + �𝑒𝑒0𝑠𝑠,𝑖𝑖sin�𝑖𝑖𝑁𝑁𝑝𝑝𝜑𝜑𝑝𝑝�8
𝑖𝑖=1
+ �𝑒𝑒0𝑝𝑝,𝑖𝑖cos�𝑖𝑖𝑁𝑁𝑝𝑝𝜑𝜑𝑝𝑝�8
𝑖𝑖=1
            (4.14) 
𝑘𝑘𝑚𝑚 = 𝑘𝑘𝑚𝑚,0 + �𝑘𝑘𝑚𝑚𝑠𝑠,𝑖𝑖sin�𝑖𝑖𝑁𝑁𝑝𝑝𝜑𝜑𝑝𝑝�8
𝑖𝑖=1
+ �𝑘𝑘𝑚𝑚𝑝𝑝,𝑖𝑖cos�𝑖𝑖𝑁𝑁𝑝𝑝𝜑𝜑𝑝𝑝�8
𝑖𝑖=1
      (4.15) 
Figure 4.5 illustrates the variation of the normalised meshing stiffness �𝑘𝑘𝑚𝑚 𝑘𝑘𝑚𝑚,0⁄ � of gear set 
3 for three different magnitudes of pinion torque. 
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Figure 4.5, Variation of the dimensionless meshing stiffness with the pinion angle 
The quantitative difference of the variation of the meshing stiffness with the input (pinion) 
torque is captured through the dependence of the Fourier coefficients appearing in equation 
(4.15) on the pinion torque. The dependence of the constant term of the meshing stiffness on 
the pinion load is illustrated in figure 4.6 which corresponds to gear set 2. A fitting curve is 
also included, along with the TCA determined points, permitting the analytical calculation of 
the constant term of the meshing stiffness for different input torque.  
 
Figure 4.6, Variation of 𝒌𝒌𝒎𝒎,𝟎𝟎 with the pinion torque for gear set 2 
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The fitting curve in figure 4.6 corresponds to a power fitting law, which appears to fit the 
TCA data quite reasonably (𝑅𝑅2 = 99.9). With regards to the remaining gear sets, figure 4.7 
illustrates the variation of 𝑘𝑘𝑚𝑚,0 with the input torque for all the gear sets under investigation 
(only the fitting curves are plotted). 
 
Figure 4.7, Variation of 𝒌𝒌𝒎𝒎,𝟎𝟎 with the pinion torque for all the gear sets 
As seen in figure 4.7, the magnitude of 𝑘𝑘𝑚𝑚,0  between gear sets 1 and 2 is very similar, 
practically throughout the range of input torque. This can be attributed to the very similar 
gear ratio between those gear sets (2.77 for gear set 1 and 2.73 for gear set 2), implying that 
the load is shared between the engaged flanks in a very similar manner. The constant term of 
the meshing stiffness for gear set 3 is generally less than that of 1 and 2. This can be 
attributed to the more uniform sharing of the contact load at a given instant of the meshing 
cycle, since the pinion of gear set 3 has more number of teeth in comparison with gear set 2. 
The expressions used to fit the TCA predictions of 𝑘𝑘𝑚𝑚,0 are: 
𝑘𝑘𝑚𝑚,0 = 𝐴𝐴𝑘𝑘�𝑇𝑇𝑝𝑝�𝐵𝐵𝑘𝑘                 (4.16) 
𝑘𝑘𝑚𝑚,0 = 𝐴𝐴𝑘𝑘ln�𝑇𝑇𝑝𝑝� + 𝐵𝐵𝑘𝑘      (4.17) 
Equation (4.16) is used for gear sets 1 and 2 while equation (4.17) is used for gear set 3. The 
constants appearing in (4.16) and (4.17) are listed in table 4.4. 
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Gear set 𝑨𝑨𝒌𝒌 𝑩𝑩𝒌𝒌 
1 5.475 × 107 0.3463 
2 6.165 × 107 0.3227 
3 6.232 × 107 −1.62 × 107 
Table 4.4, Fitting coefficients for the torque dependence of 𝒌𝒌𝒎𝒎,𝟎𝟎 
Finally, 6th order polynomials have been used in fitting the remaining, higher order Fourier 
coefficients of the meshing stiffness �𝑘𝑘𝑚𝑚𝑠𝑠,𝑖𝑖,𝑘𝑘𝑚𝑚𝑝𝑝,𝑖𝑖�, to capture their variation with the input 
torque.  
 So far, the calculation of the TCA related parameters has been based on the 
assumption that the contact load is concentrated on a single point. Although this assumption 
is suitable for calculating parameters such as the meshing stiffness, the static transmission 
error and the contact radii of the pinion and the ring gear, this cannot be applied when the 
contact behaviour of an individual flank pair is examined. The isolated study of an individual 
flank pair is essential for the correct estimation of the flank friction through the lubrication 
analysis, since the flank contact load, the surface velocities of the mating flanks and their 
corresponding local radii of curvature have a profound effect on the tribological performance 
of the EHD conjunction (Gohar 2001).  
 The equivalent local radii of curvature along the semi-minor and the semi-major axes 
of the contact ellipse are illustrated in figures 4.8 and 4.9 respectively (along with their 
variation with the angle of the pinion). The numerical predictions of which come from the 
TCA are compared against the Fourier fitting (red dashed line). 
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Figure 4.8, Variation of 𝑹𝑹𝒛𝒛𝒛𝒛 with the pinion angle for all the gear set 3 
The tooth load sharing factor is also presented. It is expected that the points of the meshing 
cycle with higher contact load (hence higher magnitude of the load sharing factor) are the 
ones which largely determine friction, since its magnitude is being maximised at those points. 
Hence, the Fourier fitting of all the flank contact parameters, determined through TCA, 
should be effective at least in the vicinity of the points which correspond to high load sharing 
factors.   
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Figure 4.9, Variation of 𝑹𝑹𝒛𝒛𝒛𝒛 with the pinion angle for all the gear set 3 
The curves presented in figures 4.8 and 4.9 indicate that the error between the TCA 
predictions and the corresponding Fourier fittings is relatively low, at least for the highly 
loaded region of the meshing cycle. The Lanczos 𝜎𝜎-approximation (Lanczos 1988) has been 
employed in treating the Fourier coefficients of the expansions in order to reduce the 
appearance of the Gibbs phenomenon near the regions where the slope of the TCA data is 
increased.  In order to calculate the magnitude of the flank friction force, the magnitude of the 
surface velocities of the mating teeth along the semi-minor and the semi-major axes of the 
elliptical contact footprint is required. Figure 4.10 depicts the surface velocities vectors for 
the ring gear flank. Similar configuration applies for the pinion flank. 
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Figure 4.10, Kinematic analysis of the contact footprint (ring gear side) 
The surface velocities along the axes of the contact ellipse for both the pinion and the ring 
gear flanks are calculated according to Karagiannis (Karagiannis 2013) as: 
𝑢𝑢(𝑆𝑆𝑖𝑖) = 𝑥𝑥�(𝑆𝑆𝑖𝑖) ∙ �𝜔𝜔�⃗ (𝑆𝑆𝑖𝑖) × 𝑟𝑟𝑝𝑝(𝑆𝑆𝑖𝑖)� = 𝜔𝜔𝑖𝑖𝑥𝑥�(𝑆𝑆𝑖𝑖)  ∙ �𝑘𝑘�⃗�𝑖𝑖 × 𝑟𝑟𝑝𝑝(𝑆𝑆𝑖𝑖)� = 𝜔𝜔𝑖𝑖𝑟𝑟𝑓𝑓(𝑆𝑆𝑖𝑖)      (4.18) 
𝑣𝑣(𝑆𝑆𝑖𝑖) = 𝑦𝑦�(𝑆𝑆𝑖𝑖) ∙ �𝜔𝜔�⃗ (𝑆𝑆𝑖𝑖) × 𝑟𝑟𝑝𝑝(𝑆𝑆𝑖𝑖)� = 𝜔𝜔𝑖𝑖𝑦𝑦�(𝑆𝑆𝑖𝑖)  ∙ �𝑘𝑘�⃗�𝑖𝑖 × 𝑟𝑟𝑝𝑝(𝑆𝑆𝑖𝑖)� = 𝜔𝜔𝑖𝑖𝑟𝑟𝑦𝑦(𝑆𝑆𝑖𝑖)      (4.19) 
In equations (4.18) and (4.19) the vectors 𝑥𝑥�(𝑆𝑆𝑖𝑖) and 𝑦𝑦�(𝑆𝑆𝑖𝑖), which express the orientation of the 
contact ellipse with respect to the reference frame 𝑆𝑆𝑖𝑖  of each member of the gear pair 
(𝑖𝑖 = 𝑝𝑝,𝑔𝑔, 𝑝𝑝 for the pinion, 𝑔𝑔 for the ring gear), are determined through TCA. Vector 𝑟𝑟𝑝𝑝(𝑆𝑆𝑖𝑖) 
corresponds to the vector following the centre of the elliptical contact footprint, expressed 
with respect to the reference frame 𝑆𝑆𝑖𝑖 of each member. The vector 𝑟𝑟𝑝𝑝
(𝑆𝑆𝑖𝑖)  is different from 𝑟𝑟𝑚𝑚(𝑆𝑆𝑖𝑖) 
(equation (4.10)) which describes the variation of the contact point for the concentrated load, 
since the last is derived from the contribution of all the individual loads acting on each pair of 
flanks. In contrary, 𝑟𝑟𝑝𝑝
(𝑆𝑆𝑖𝑖) refers to the contact path of an individual pair of flanks. 
 
 
𝑥𝑥�(𝑆𝑆𝑔𝑔) 
𝑦𝑦�(𝑆𝑆𝑔𝑔) 
𝑈𝑈�⃗ 𝑔𝑔 
𝑢𝑢(𝑆𝑆𝑔𝑔) 
𝑣𝑣(𝑆𝑆𝑔𝑔) 
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Figure 4.11, Variation of 𝒓𝒓𝒑𝒑,𝒛𝒛 with the pinion angle for all the gear set 3 
 
Figure 4.12, Variation of 𝒓𝒓𝒑𝒑,𝒛𝒛 with the pinion angle for all the gear set 3 
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Figures 4.11 and 4.12 illustrate the variation of 𝑟𝑟𝑓𝑓
(𝑆𝑆𝑖𝑖) and 𝑟𝑟𝑦𝑦(𝑆𝑆𝑖𝑖), which appear in equations 
(4.18) and (4.19) respectively, with the angle of rotation of the pinion. The corresponding 
Fourier fits are also plotted, demonstrating a good agreement with the TCA data. 
 
4.2. Frictionless torsional gear dynamics 
In order to predict the dynamic response of the hypoid gear pair, a 4 Degree of Freedom 
(DoF) torsional gear dynamics model is employed. Figure 4.13 illustrates the lumped 
parameter model created for the purposes of the present study. 
 
Figure 4.13, The 4DoF torsional gear dynamics model used 
As shown in figure 4.13, the degrees of freedom which are taken into account are the rotation 
of the pinion shaft 𝜑𝜑𝑠𝑠, the rotation of the pinion itself 𝜑𝜑𝑝𝑝, the rotation of the ring gear 𝜑𝜑𝑔𝑔 and 
finally the rotation of the gear shaft 𝜑𝜑𝑤𝑤, which is attached on the wheels at its free end. The 
shaft that supports the pinion is attached to the main driveshaft of the drivetrain unit. The 
input torque at the same shaft is equal to 𝑇𝑇𝑠𝑠 and it is assumed to be constant with time. This is 
not the case since the presence of the engine order vibrations will lead to an additional time 
variable component in the input torque. However, the engine order excitations are not going 
to be taken into account in the present study since the focus in made on the determination of 
the power losses of the hypoid gear pair. The equations of motion describing the torsional 
dynamics of the hypoid gear pair under study are described as: 
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?̈?𝜑𝑠𝑠 = 1𝐼𝐼𝑠𝑠 �−𝑘𝑘𝑡𝑡,1�𝜑𝜑𝑠𝑠 − 𝜑𝜑𝑝𝑝� − 𝑐𝑐𝑡𝑡,1�?̇?𝜑𝑠𝑠 − ?̇?𝜑𝑝𝑝� + 𝑇𝑇𝑠𝑠�                              (4.20) 
 
?̈?𝜑𝑝𝑝 = 1𝐼𝐼𝑝𝑝 �−𝑅𝑅𝑝𝑝(𝑘𝑘𝑚𝑚𝑓𝑓 + 𝑐𝑐?̇?𝑥) + 𝑘𝑘𝑡𝑡,1�𝜑𝜑𝑠𝑠 − 𝜑𝜑𝑝𝑝� + 𝑐𝑐𝑡𝑡,1�?̇?𝜑𝑠𝑠 − ?̇?𝜑𝑝𝑝��      (4.21) 
 
?̈?𝜑𝑔𝑔 = 1𝐼𝐼𝑔𝑔 �𝑅𝑅𝑔𝑔(𝑘𝑘𝑚𝑚𝑓𝑓 + 𝑐𝑐?̇?𝑥) − 𝑘𝑘𝑡𝑡,2�𝜑𝜑𝑔𝑔 − 𝜑𝜑𝑤𝑤� − 𝑐𝑐𝑡𝑡,2�?̇?𝜑𝑔𝑔 − ?̇?𝜑𝑤𝑤��       (4.22) 
 
?̈?𝜑𝑤𝑤 = 1𝐼𝐼𝑤𝑤 �𝑘𝑘𝑡𝑡,2�𝜑𝜑𝑔𝑔 − 𝜑𝜑𝑤𝑤� + 𝑐𝑐𝑡𝑡,2�?̇?𝜑𝑔𝑔 − ?̇?𝜑𝑤𝑤� − 𝑇𝑇𝑤𝑤�                            (4.23) 
 
In equations (4.21) and (4.22), 𝑥𝑥  represents the dynamic (loaded) transmission error. As 
noted by Karayiannis et al. (Karagiannis and Theodossiades 2013) the value of the dynamic 
transmission error cannot be calculated directly when the rotations of the pinion and the gear 
are known at any given time, which is rather the case when spur gear pairs are examined 
(Kahraman and Singh 1990). The kinematics at the point of contact between a hypoid pinion 
and a hypoid ring gear yield: 
?̇?𝑥 = 𝑅𝑅𝑝𝑝?̇?𝜑𝑝𝑝 − 𝑅𝑅𝑔𝑔?̇?𝜑𝑔𝑔 −  ?̇?𝑒0      (4.24) 
By observing equation (4.24) yields that the first order time derivative of the dynamic 
transmission error ?̇?𝑥 is an explicit function of the degrees of freedom involved in the problem, 
rather than its original value 𝑥𝑥. Consequently, an additional integration in the time domain 
must be performed at each time step of the solution in order to determine the corresponding 
value of the dynamic transmission error. The knowledge of the dynamic transmission error at 
each time step will yield the value of the backlash function 𝑓𝑓 during the same time step. The 
backlash function can be calculated as: 
𝑓𝑓 = � 𝑥𝑥 − 𝑏𝑏      when     𝑥𝑥 ≥ 𝑏𝑏                0          when   − 𝑏𝑏 < 𝑥𝑥 < 𝑏𝑏 
𝑥𝑥 + 𝑏𝑏       when   𝑥𝑥 ≤ −𝑏𝑏       (4.25) 
 
The formulation of the backlash function 𝑓𝑓 used in the present study is the same as the one 
used by Kahraman & Singh (Kahraman and Singh 1990) for spur gear pairs as well as Wang 
& Lim (J. Wang, Lim, and Li 2007), Karagiannis et al. (Karagiannis et al. 2012) and 
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Mohammadpour et al (Mohammadpour, Theodossiades, and Rahnejat 2013) for the case of 
hypoid gear pairs. In equation (4.26), 𝑏𝑏 represents the half backlash length between a pinion 
and ring gear teeth, which is present in order to avoid their jamming during operation. In 
equation (4.23), 𝑇𝑇𝑤𝑤 represents the resistive torque applied on the free end of the ring gear 
shaft and is due to the forces transmitted through the wheels of the vehicle.  
 
4.3. Calculation of the damping matrix 
Equations (4.20) – (4.23), which represent the equations of motion of the gear pair, 
contain the variables 𝑐𝑐𝑡𝑡1 , 𝑐𝑐𝑡𝑡2  and 𝑐𝑐 , which correspond to the damping coefficients of the 
pinion shaft, the mesh and the gear shaft respectively. In order to be able to calculate their 
values, and assign a certain, user defined, value to the damping ratio of each modeshape, a 
certain procedure should be followed. This method is based on the concept of the linear 
modal analysis. However, the system of equations (4.20) – (4.23) presents strong non-
linearities, both in terms of its parameters as well as in terms of its geometry (presence of the 
backlash non-linearity). Although methods of non-linear modal analysis are well documented 
in the existing literature (see for example (Ramon 2004)), in the present study the concept of 
the linear modal analysis is going to be employed in order to calculate the elements of the 
damping matrix [𝐶𝐶]. In order to do so all the non-linearities present in equations (4.20) – 
(4.23) are removed. Hence, a simplified linear model describing the torsional gear dynamics 
is used for that purpose. In order to linearize equations (4.20) – (4.23), all the time varying 
parameters appearing in the same equations are replaced by the constant value of the 
corresponding Fourier expansion. Also, the backlash non-linearity is removed. Using the 
linearized system of equations, the mass, the stiffness and finally the damping matrices of the 
system are: 
 
[𝑀𝑀] = �𝐼𝐼𝑠𝑠000
0
𝐼𝐼𝑝𝑝00
00
𝐼𝐼𝑔𝑔0
000
𝐼𝐼𝑤𝑤
�                                                     (4.27) 
 
[𝐾𝐾] =
⎣
⎢
⎢
⎡ 𝑘𝑘𝑡𝑡
−𝑘𝑘𝑡𝑡00
−𝑘𝑘𝑡𝑡
𝑘𝑘𝑚𝑚0𝑅𝑅𝑝𝑝,02 + 𝑘𝑘𝑡𝑡
−𝑘𝑘𝑚𝑚𝑅𝑅𝑝𝑝,0𝑅𝑅𝑔𝑔,00
0
−𝑘𝑘𝑚𝑚𝑅𝑅𝑝𝑝,0𝑅𝑅𝑔𝑔,0
𝑘𝑘𝑚𝑚𝑅𝑅𝑔𝑔,02 + 𝑘𝑘𝑡𝑡
−𝑘𝑘𝑡𝑡
00
−𝑘𝑘𝑡𝑡
𝑘𝑘𝑡𝑡 ⎦
⎥
⎥
⎤       (4.28) 
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[𝐶𝐶] = � 𝑐𝑐𝑡𝑡1−𝑐𝑐𝑡𝑡100
−𝑐𝑐𝑡𝑡1
𝑐𝑐𝑅𝑅𝑝𝑝,02 + 𝑐𝑐𝑡𝑡1
−𝑐𝑐𝑅𝑅𝑝𝑝,0𝑅𝑅𝑔𝑔,00
0
−𝑐𝑐𝑅𝑅𝑝𝑝,0𝑅𝑅𝑔𝑔,0
𝑐𝑐𝑅𝑅𝑔𝑔,02 + 𝑐𝑐𝑡𝑡2
−𝑐𝑐𝑡𝑡2
00
−𝑐𝑐𝑡𝑡2
𝑐𝑐𝑡𝑡2
�           (4.29) 
 
The elements of the damping matrix [𝐶𝐶] of the linearised system are found as: [𝐶𝐶] = ([𝜙𝜙]𝑇𝑇)−1�𝐶𝐶𝑔𝑔�([𝜙𝜙])−1      (4.30) 
Where �𝐶𝐶𝑔𝑔�, the generalised damping matrix is found as: 
�𝐶𝐶𝑔𝑔� = diag[2𝜁𝜁𝑖𝑖𝜔𝜔𝑛𝑛𝑖𝑖]      (4.31) 
The modeshape matrix [𝜙𝜙] and the corresponding natural frequencies 𝜔𝜔𝑛𝑛𝑖𝑖 are found through 
modal analysis. The damping ratios assigned to each modeshape are 𝜁𝜁1 = 0  (rigid body 
mode), 𝜁𝜁2 = 0.02, 𝜁𝜁3 = 0.04 and 𝜁𝜁4 = 0.03, which fall within the range suggested by the 
literature (Jun Wang, Lim, and Li 2007). 
 
4.4. Inclusion of the flank friction 
As mentioned in Chapter 3, the conjunctional friction force can be calculated either 
numerically, by employing the numerical EHD solver described, or by using an analytical  
EHD formulation. Ultimately, the value of the frictional torques 𝑇𝑇𝑓𝑓,𝑝𝑝 and 𝑇𝑇𝑓𝑓,𝑔𝑔, acting on each 
member of the pair , need to be estimated for each time step. The equations of motion of the 
gear pair accounting for the flank friction can are described as follows: 
 
?̈?𝜑𝑠𝑠 = 1𝐼𝐼𝑠𝑠 �−𝑘𝑘𝑡𝑡�𝜑𝜑𝑠𝑠 − 𝜑𝜑𝑝𝑝� − 𝑐𝑐𝑡𝑡1�?̇?𝜑𝑠𝑠 − ?̇?𝜑𝑝𝑝� + 𝑇𝑇𝑠𝑠�                                           (4.32) 
 
?̈?𝜑𝑝𝑝 = 1𝐼𝐼𝑝𝑝 �−𝑅𝑅𝑝𝑝(𝑘𝑘𝑚𝑚𝑓𝑓 + 𝑐𝑐?̇?𝑥) + 𝑘𝑘𝑡𝑡�𝜑𝜑𝑠𝑠 − 𝜑𝜑𝑝𝑝� + 𝑐𝑐𝑡𝑡1�?̇?𝜑𝑠𝑠 − ?̇?𝜑𝑝𝑝� + 𝑇𝑇𝑓𝑓𝑟𝑟,𝑝𝑝�      (4.33) 
 
?̈?𝜑𝑔𝑔 = 1𝐼𝐼𝑔𝑔 �𝑅𝑅𝑔𝑔(𝑘𝑘𝑚𝑚𝑓𝑓 + 𝑐𝑐?̇?𝑥) − 𝑘𝑘𝑡𝑡�𝜑𝜑𝑔𝑔 − 𝜑𝜑𝑤𝑤� − 𝑐𝑐𝑡𝑡2�?̇?𝜑𝑔𝑔 − ?̇?𝜑𝑤𝑤� + 𝑇𝑇𝑓𝑓𝑟𝑟,𝑔𝑔�      (4.34) 
 
?̈?𝜑𝑤𝑤 = 1𝐼𝐼𝑤𝑤 �𝑘𝑘𝑡𝑡�𝜑𝜑𝑔𝑔 − 𝜑𝜑𝑤𝑤� + 𝑐𝑐𝑡𝑡2�?̇?𝜑𝑔𝑔 − ?̇?𝜑𝑤𝑤� − 𝑇𝑇𝑤𝑤�                                       (4.35) 
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The total conjunctional friction torque on acting on the pinion and the ring gear can be 
estimated as (Karagiannis 2013): 
 
𝑇𝑇𝑓𝑓𝑟𝑟,𝑖𝑖 = �𝑇𝑇𝑓𝑓𝑟𝑟,𝑖𝑖𝑘𝑘3
𝑘𝑘=1
      (4.36) 
 
In (4.36), 𝑇𝑇𝑓𝑓𝑟𝑟,𝑖𝑖𝑘𝑘  represents the frictional torque acting on the 𝑖𝑖𝑡𝑡ℎ  member of the gear pair (𝑖𝑖 = 𝑝𝑝,𝑔𝑔) due to the flank friction force acting on the 𝑘𝑘𝑡𝑡ℎ  flank pair in conjunction (𝑘𝑘 =1,2,3). Each of the components of the conjunctional torque at the pinion and the gear is 
calculated separately according as: 
 
𝑇𝑇𝑓𝑓𝑟𝑟,𝑝𝑝𝑖𝑖 = 𝑟𝑟𝑡𝑡,𝑖𝑖�𝑆𝑆𝑝𝑝�𝐹𝐹𝑓𝑓𝑟𝑟𝑖𝑖       𝑖𝑖 = 1,2,3      (4.37) 
 
𝑇𝑇𝑓𝑓𝑟𝑟,𝑔𝑔𝑖𝑖 = 𝑟𝑟𝑡𝑡,𝑖𝑖�𝑆𝑆𝑔𝑔�𝐹𝐹𝑓𝑓𝑟𝑟𝑖𝑖       𝑖𝑖 = 1,2,3      (4.38) 
 
Where, 𝑟𝑟𝑡𝑡𝑝𝑝𝑖𝑖 (𝑡𝑡) and 𝑟𝑟𝑡𝑡𝑔𝑔𝑖𝑖 (𝑡𝑡) represent the time varying lever arms corresponding to the friction 
force exerted on the teeth conjunction 𝑖𝑖  with respect to the pinion and the ring gear 
coordinate systems respectively. The value of those lever arms for every instant of time is 
determined through TCA according to Karagiannis (Karagiannis 2013) as: 
 
𝑟𝑟𝑡𝑡,𝑖𝑖(𝑆𝑆𝑘𝑘) = 𝜉𝜉(𝑆𝑆𝑘𝑘) �𝑘𝑘�⃗�𝑖𝑖 × 𝑟𝑟𝑝𝑝(𝑆𝑆𝑘𝑘)�       (4.39) 
 
While the vector 𝜉𝜉(𝑆𝑆𝑘𝑘) (expressed in the reference frame 𝑆𝑆𝑘𝑘 of the 𝑘𝑘𝑡𝑡ℎ member of the gear 
pair (𝑘𝑘 = 𝑝𝑝,𝑔𝑔)) is found as: 
 
𝜉𝜉(𝑆𝑆𝑘𝑘) = 1
𝛥𝛥𝑈𝑈𝑡𝑡𝑡𝑡𝑡𝑡
��𝑢𝑢�𝑆𝑆𝑝𝑝� − 𝑢𝑢�𝑆𝑆𝑔𝑔��𝑥𝑥�(𝑆𝑆𝑘𝑘) + �𝑣𝑣�𝑆𝑆𝑝𝑝� − 𝑣𝑣�𝑆𝑆𝑔𝑔��𝑦𝑦�(𝑆𝑆𝑘𝑘)�      (4.40) 
 
While the total sliding speed 𝛥𝛥𝑈𝑈𝑡𝑡𝑡𝑡𝑡𝑡 appearing in equation (4.40) is found as: 
 
𝛥𝛥𝑈𝑈𝑡𝑡𝑡𝑡𝑡𝑡 = ��𝑢𝑢�𝑆𝑆𝑝𝑝� − 𝑢𝑢�𝑆𝑆𝑔𝑔��2 + �𝑣𝑣�𝑆𝑆𝑝𝑝� − 𝑣𝑣�𝑆𝑆𝑔𝑔��2      (4.41) 
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In order to estimate the frictional forces 𝐹𝐹𝑓𝑓𝑟𝑟𝑖𝑖  acting on each pair 𝑖𝑖 of mating flanks at 
each time step the contact load at each of the flanks in conjunction must be determined. For 
hypoid gear pairs, at every instant of time, 2 − 3 pairs of teeth form a conjunction at the same 
time, as shown by the TCA. This means that the total contact load transmitted through the 
pair is shared between those contact pairs. Each contact pair receives a different percentage of 
the total load according to the pinion angle at the instant of time examined. The percentage of 
the total load received by each one of the teeth pairs can be expressed in terms of the tooth 
per load share factor as: 
 
𝑙𝑙𝑓𝑓𝑘𝑘 = 𝑊𝑊𝑘𝑘𝑊𝑊       𝑘𝑘 = 1,2,3      (4.42) 
 
The value of the load share factor per teeth pair is a periodic function of the pinion angle and 
its value is determined through TCA. The total contact load 𝑊𝑊is known at each time step 
through the solution of the gear dynamics problem. Its value can be calculated by employing: 
 
𝑊𝑊 = 𝑘𝑘𝑚𝑚(𝑡𝑡) ∙ 𝑓𝑓 + 𝑐𝑐 ∙ ?̇?𝑥      (4.43) 
 
Combining (4.42) and (4.43) yields the value of the contact load that must be supported by 
each one of the flanks in conjunction at every instant of time.  
 The instantaneous conjunctional inefficiency (per cent) of the gear pair can be 
calculated according to: 
 
In = 100��𝐹𝐹𝑓𝑓𝑟𝑟𝑘𝑘 𝛥𝛥𝑈𝑈𝑡𝑡𝑡𝑡𝑡𝑡𝑘𝑘�
𝑇𝑇𝑝𝑝𝜔𝜔𝑝𝑝
3
𝑘𝑘=1
%      (4.44) 
 
Where, 𝛥𝛥𝑈𝑈𝑡𝑡𝑡𝑡𝑡𝑡
𝑘𝑘 stands for the magnitude of the vector sum of the sliding velocities between 
the mating teeth along the 𝑥𝑥 and 𝑦𝑦 axis, and refers to the 𝑘𝑘𝑡𝑡ℎ flank pair in conjunction. Since 
the flank friction force and the sliding velocity between the mating teeth vary with time, the 
conjunctional inefficiency is also a time varying quantity. For the purposes of the present 
analysis, the RMS value of the conjunctional inefficiency for 50 meshing cycles is used as an 
indication of the performance of the gear pair under given operating conditions.  
4.5. Bearing power loss calculation 
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The frictional power losses of the supporting bearings are calculated by employing the 
SKF method (SKF 2008). The differential unit examined in the present study is composed of 
a total of 4 bearings, 2 of which support the pinion while the rest are used to support the ring 
gear. The position and the type of the bearings used are illustrated in figure 4.14. The types of 
the bearings employed are, A: tapered roller bearing, B: double row angular contact bearing, 
C: tapered roller bearing, D: tapered roller bearing.  
 
Figure 4.14, Bearing mounting of the gear pair (A: pinion head bearing, B: pinion tail 
bearing, C: LH side differential bearing, D: RH side differential bearing) 
The frictional torque of each bearing can be calculated according to (SKF 2008) as: 
𝑀𝑀𝑓𝑓𝑟𝑟,𝑏𝑏𝑖𝑖,𝑘𝑘 = 𝜑𝜑𝑖𝑖𝑠𝑠ℎ𝑖𝑖,𝑘𝑘 𝜑𝜑𝑟𝑟𝑠𝑠𝑖𝑖,𝑘𝑘𝑀𝑀𝑟𝑟𝑟𝑟𝑖𝑖,𝑘𝑘 + 𝑀𝑀𝑠𝑠𝑠𝑠𝑖𝑖,𝑘𝑘 + 𝑀𝑀𝑠𝑠𝑓𝑓𝑎𝑎𝑠𝑠𝑖𝑖,𝑘𝑘 + 𝑀𝑀𝑓𝑓𝑟𝑟𝑎𝑎𝑔𝑔𝑖𝑖,𝑘𝑘       (4.45) 
Where, index 𝑖𝑖 refers to the bearing under consideration, while index 𝑘𝑘 refers to the 𝑘𝑘𝑡𝑡ℎ time 
step of the solution.  
 The determination of the bearing frictional torque requires the knowledge of the 
instantaneous load supported by each bearing. The load per bearing is split into radial and 
axial (thrust) load. The radial and the thrust load for each of the supporting bearings is 
calculated for each time step by employing the same method followed by Talbot et al. (Talbot 
et al. 2016). More specifically, the tangential forces acting on the pinion and the ring gear can 
be found as: 
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𝐹𝐹𝑡𝑡,𝑝𝑝 = 𝑇𝑇𝑝𝑝𝑅𝑅𝑝𝑝, and 𝐹𝐹𝑡𝑡,𝑔𝑔 = 𝑇𝑇𝑔𝑔𝑅𝑅𝑔𝑔       (4.46) 
The analysis of the tangential loads acting on the pinion and the ring gear on along the axial 
(thrust) and the radial directions of each member is performed as: 
𝐹𝐹𝑎𝑎,𝑝𝑝 = 𝐹𝐹𝑡𝑡,𝑝𝑝cos�𝛽𝛽𝑝𝑝� �tan�𝜙𝜙𝑝𝑝�sin�𝛾𝛾𝑝𝑝� − sin�𝛽𝛽𝑝𝑝�cos�𝛾𝛾𝑝𝑝��      (4.47) 
𝐹𝐹𝑎𝑎,𝑔𝑔 = 𝐹𝐹𝑡𝑡,𝑔𝑔cos�𝛽𝛽𝑔𝑔� �tan�𝜙𝜙𝑔𝑔�sin�𝛾𝛾𝑔𝑔� + sin�𝛽𝛽𝑔𝑔�cos�𝛾𝛾𝑔𝑔��      (4.48) 
𝐹𝐹𝑟𝑟,𝑝𝑝 = 𝐹𝐹𝑡𝑡,𝑝𝑝cos�𝛽𝛽𝑝𝑝� �tan�𝜙𝜙𝑝𝑝�cos�𝛾𝛾𝑝𝑝� + sin�𝛽𝛽𝑝𝑝�sin�𝛾𝛾𝑝𝑝��      (4.49) 
𝐹𝐹𝑟𝑟,𝑔𝑔 = 𝐹𝐹𝑡𝑡,𝑔𝑔cos�𝛽𝛽𝑔𝑔� �tan�𝜙𝜙𝑔𝑔�cos�𝛾𝛾𝑔𝑔� − sin�𝛽𝛽𝑔𝑔�sin�𝛾𝛾𝑔𝑔��      (4.50) 
Where, 𝜙𝜙𝑖𝑖, 𝛾𝛾𝑖𝑖 and 𝛽𝛽𝑖𝑖 stand for the pressure, the pitch and the spiral angles of each member of 
the gear-set (pinion, ring gear). The radial loads acting on the pinion tail and head bearings 
can be found as: 
𝑊𝑊𝑟𝑟,𝑡𝑡𝑎𝑎𝑖𝑖𝑠𝑠 = 1𝑀𝑀��𝐹𝐹𝑎𝑎,𝑝𝑝𝑅𝑅𝑝𝑝 − 𝐹𝐹𝑟𝑟,𝑝𝑝𝐿𝐿�2 + �𝐹𝐹𝑡𝑡,𝑝𝑝𝐿𝐿�2                            (4.51) 
𝑊𝑊𝑟𝑟,ℎ𝑓𝑓𝑎𝑎𝑓𝑓 = ��𝐹𝐹𝑟𝑟,𝑝𝑝 − 𝐹𝐹𝑎𝑎,𝑝𝑝𝑅𝑅𝑝𝑝 − 𝐹𝐹𝑟𝑟,𝑝𝑝𝐿𝐿𝑀𝑀 �2 + �𝐹𝐹𝑡𝑡,𝑝𝑝 + 𝐹𝐹𝑡𝑡,𝑝𝑝𝑙𝑙𝑀𝑀 �2       (4.52) 
While the radial loads acting on the ring gear tapered roller bearings can be found as: 
𝑊𝑊𝑟𝑟,𝐿𝐿𝐿𝐿 = 1𝑁𝑁 + 𝐾𝐾��𝐹𝐹𝑎𝑎,𝑔𝑔𝑅𝑅𝑔𝑔 + 𝐹𝐹𝑟𝑟,𝑔𝑔𝑁𝑁�2 + �𝐹𝐹𝑡𝑡,𝑔𝑔𝑁𝑁�2                     (4.53) 
𝑊𝑊𝑟𝑟,𝑅𝑅𝐿𝐿 = ��𝐹𝐹𝑟𝑟,𝑔𝑔 − 𝐹𝐹𝑎𝑎,𝑔𝑔𝑅𝑅𝑔𝑔 + 𝐹𝐹𝑟𝑟,𝑔𝑔𝑁𝑁𝑁𝑁 + 𝐾𝐾 �2 + �𝐹𝐹𝑡𝑡,𝑔𝑔 − 𝐹𝐹𝑡𝑡,𝑔𝑔𝑁𝑁𝑁𝑁 + 𝐾𝐾�2       (4.54) 
With the frictional torque being determined for each bearing at a given time step 𝑗𝑗, the 
total bearing power losses at the same time step can be calculated as: 
𝑁𝑁𝑏𝑏
𝑗𝑗 = 1.05 × 10−4�𝑀𝑀𝑓𝑓𝑟𝑟,𝑏𝑏𝑖𝑖,𝑗𝑗 𝑛𝑛𝑖𝑖,𝑗𝑗
𝑖𝑖
      (4.55) 
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The instantaneous inefficiency of the differential unit, accounting also for the bearing losses 
as well as the conjunctional power losses, can be calculated as: 
In = 100
𝑇𝑇𝑝𝑝𝜔𝜔𝑝𝑝
� ��𝐹𝐹𝑓𝑓𝑟𝑟
𝑘𝑘 𝑉𝑉𝑠𝑠
𝑘𝑘��
3
𝑘𝑘=1
+ 𝑁𝑁𝑏𝑏𝑗𝑗�%      (4.56) 
Again, under given operating conditions, the RMS inefficiency after 50 meshing cycles is 
used in order to describe the performance of the differential unit, which is calculated 
according to: 
In𝑅𝑅𝑀𝑀𝑆𝑆 =
⎝
⎜
⎛
�
150𝑇𝑇𝑚𝑚 � (%In)2𝑑𝑑𝑡𝑡50𝑇𝑇𝑚𝑚
0
⎠
⎟
⎞%      (4.57) 
 
4.6. Numerical solution of the torsional gear tribo-dynamics problem 
In order to determine the numerical solution of the equations of motion for each time step, 
the fixed time step Newmark beta method is used (Newmark 1959). The numerical 
integration of the equations of motion is hence performed based on the following 
relationships: 
{?̇?𝑦}𝑛𝑛 = {?̇?𝑦}𝑛𝑛−1 + [{?̈?𝑦}𝑛𝑛−1 + {?̈?𝑦}𝑛𝑛]𝑑𝑑𝑡𝑡2                                                        (4.58) 
{𝑦𝑦}𝑛𝑛 = {𝑦𝑦}𝑛𝑛−1 + {?̇?𝑦}𝑛𝑛−1𝑑𝑑𝑡𝑡 + 1 − 2𝛽𝛽𝑁𝑁2 {?̈?𝑦}𝑛𝑛−1𝑑𝑑𝑡𝑡2 + 𝛽𝛽𝑁𝑁{?̈?𝑦}𝑛𝑛𝑑𝑑𝑡𝑡2      (4.59) 
Where, 𝑛𝑛 represents the current time step (at time 𝑡𝑡𝑛𝑛) and vector {𝑦𝑦} represents the degrees of 
freedom of the dynamic system (equation (4.60)). For the present analysis, 𝛽𝛽𝑁𝑁 = 0.25 is 
selected, yielding numerically stable solutions of the gear dynamics system for a wide range 
of operating conditions.  {𝑦𝑦} = {𝜑𝜑𝑠𝑠 𝜑𝜑𝑝𝑝 𝜑𝜑𝑔𝑔 𝜑𝜑𝑤𝑤 𝑥𝑥}𝑇𝑇      (4.60) 
The procedure can only start as soon as the initial conditions for 𝑡𝑡 = 𝑡𝑡0 = 0 s are known. The 
knowledge of the initial conditions yields the knowledge of the vectors {𝑦𝑦}0 and {?̇?𝑦}0. For 
𝑡𝑡 = 𝑡𝑡0 = 0 s, the angle of the pinion shaft, the pinion, the ring gear and the ring gear shaft are 
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set to be equal to 0. Since the input variable in the gear dynamics code is the input torque at 
the pinion shaft; 𝑇𝑇𝑠𝑠, and the present study is focused on the steady state dynamic response of 
the system, the steady state rigid body angular velocities of the each of the components is set 
as the initial condition. Finally, the Dynamic Transmission Error; 𝑥𝑥 is set to be equal to 0 for 
𝑡𝑡 = 𝑡𝑡0 = 0 s.  
 
4.7. Conclusions 
In this chapter, the methodology and the formulation used in order to capture the torsional 
gear dynamics response of the hypoid gear pair has been described. The torsional flexibility 
of the input and the output shafts has also been accounted for. The complex tooth geometry 
of the hypoid gear teeth is also accounted for by employing the Tooth Contact Analysis (TCA) 
method. Through TCA, parameters such as the meshing stiffness, the contact radii, the load 
share per tooth, the local radii of curvature between the teeth and the surface velocity of the 
teeth are obtained. Those parameters are then used as inputs to the gear dynamics and the 
EHD (lubrication) models, permitting the calculation of the dynamic response of the system 
as well as the instantaneous conjunctional frictional power loss. Consequently, the 
conjunctional efficiency of the hypoid gear pair can be calculated. Furthermore, an analytical 
approach towards the calculation of the frictional power losses of the differential bearings is 
presented.   
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Chapter 5, Validation of the Friction Model 
 In this chapter the predictions of the friction models, both the numerical and the 
analytical are going to be presented and compared against experimental measurements of the 
film thickness and the coefficient of friction. The gear oils considered for the purposes of the 
present study are fully formulated multi-grade PAOs. The calculation of the friction force and 
the film thickness is performed both analytically and numerically. The predictions of the 
friction model are first validated against experimental film thickness and EHD friction data 
determined by considering a contact between a sphere and a flat by neglecting the influence 
of the dynamics. The influence of several phenomena, such as the inlet shear heating and the 
lubricant starvation, on both the film thickness and the coefficient of friction is highlighted. 
Good agreement between the predictions of the friction model and the experimental data is 
observed providing more confidence towards estimating the conjunctional inefficiency in a 
full scale system. The influence of the Pressure-Viscosity (PV) coefficient of the lubricants 
on the EHD viscous friction is identified and discussed. 
 
5.1. Rheological properties of the lubricants under examination 
 Six different fully formulated gear oils have been considered. All the fluids examined 
are multi-grade SAE 75W-90 group 4 lubricants and they are blended with the same additive 
package, which represents 10% of their weight. The additives that comprise the additive pack 
are the following, 
• Phosphorus antiwear additives 
• Sulfurised olefin extreme pressure additives 
• Friction modifiers 
• Polyiso-butylene maleimide polyethylene amine dispersants 
• Rust inhibitors 
• Copper corrosion inhibitors 
• Antifoams 
• Antiscuffing additives 
• Diluent oil 
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The base oil used to formulate the particular set of lubricants is Poly-alpha-Olefin (PAO) 
with VI = 124. The difference between each individual lubricant is on the type and the level 
of the VM blended. Table 5.1 lists the lubricants examined along with the type of the 
Viscosity Modifier (VM) blended in each one of them. 
Lubricant Type of VM 
OS265962 Dispersant hybrid ester-olefin copolymer 
OS265963 Polyisobutylene 
OS265964 Polyethelene-co-propylene 
OS265965 Polyalkylmethacrylate 
OS265966 Dispersant polyalkylmethacrylate 
OS265967 Poly-alpha-olefin (100 cSt at 100 ℃) 
Table 5.1, Type of VM blended in each lubricant 
In order to be able to examine the impact of each one of the lubricants on the EHD friction, 
all the six fluids have been characterised in terms of their viscosity at high pressure, high 
shear and high temperature. The presence of the relatively high molecular weight VMs, as 
well as the PAO itself, is responsible for their shear thinning response at high shear rate. The 
high shear response of the lubricants is captured by employing an Ultra-high Shear 
Viscometer (USV) manufactured by PCS instruments (London, UK). Furthermore, and due to 
the high magnitude of the pressures typical in EHD conjunctions, the high pressure response 
of their viscosity is taken into account through employing the reciprocal asymptotic 
isoviscous Pressure Viscosity (PV) coefficient which is determined through the use of a high 
pressure falling body viscometer. Finally, the temperature response of the viscosity is 
captured by employing a cone type, low shear – low pressure viscometer at elevated 
temperature.  
 
5.1.1. High shear response of the viscosity 
 The high shear response (non-Newtonian) of the viscosity of the lubricants under 
examination has been determined by employing a USV at ambient (atmospheric) pressure for 
10 different temperatures, namely at 50 ℃, 60 ℃, 65 ℃, 70 ℃, 75 ℃, 80 ℃, 90 ℃, 100 ℃, 120 ℃ and 140 ℃. Those measurements have been performed by Lubrizol in their 
laboratories (Wickliffe, OH, USA). The control variable for each measurement is the shear 
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rate ?̇?𝛾 which varies from 0.5 × 106 s−1 − 107 s−1 and it is a limitation set from the 
viscometer manufacturer. Figures 5.1 and 5.2 illustrate the high shear response of the 
viscosity of the six fluids under examination for two different temperatures, namely at 70 ℃ 
and at 140 ℃.  
 
Figure 5.1, High shear viscosity response at 𝟕𝟕𝟕𝟕 ℃ 
 
Figure 5.2, High shear viscosity response at 𝟏𝟏𝟏𝟏𝟕𝟕 ℃ 
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The Havriliak-Negami (Havriliak and Negami 1967) rheological model (equation 5.1) was 
employed in order to obtain an analytical relationship between the dynamic viscosity of the 
lubricants and the shear rate imposed.  
𝜂𝜂𝑒𝑒�?̇?𝛾,𝑇𝑇𝑟𝑟𝑒𝑒𝑟𝑟� = 𝜂𝜂0�𝑇𝑇𝑟𝑟𝑒𝑒𝑟𝑟�[1 + (𝜆𝜆?̇?𝛾)𝛼𝛼𝐻𝐻𝐻𝐻]𝛽𝛽𝐻𝐻𝐻𝐻       (5.1) 
An observation of equation 5.1 reveals that the Havriliak-Negami rheological model presents 
significant similarities with the widely used Carreau-Yasuda model (Carreau, De Kee, and 
Chhabra 1997). Further to that, in equation 5.1 𝛼𝛼𝐻𝐻𝐻𝐻 is an indication of how wide or narrow 
the molecular weight distribution of the polymer blend is, while 𝛽𝛽𝐻𝐻𝐻𝐻 is a measure of the 
unevenness of the molecular weight distribution of the polymers. Finally, 𝜆𝜆 represents the 
relaxation time of the polymer blend. Each one of those parameters is determined for each 
lubricant under examination at 𝑇𝑇𝑟𝑟𝑒𝑒𝑟𝑟 = 70 ℃. Table 5.2 lists those parameters for each 
lubricant.  
Lubricant 𝜶𝜶𝑯𝑯𝑯𝑯 𝜷𝜷𝑯𝑯𝑯𝑯 𝝀𝝀(𝐬𝐬) 
OS265962 0.7034 1.0 7.9 ∙ 10−8 
OS265963 0.9777 0.9941 8.0 ∙ 10−8 
OS265964 0.7636 0.9896 7.7 ∙ 10−8 
OS265965 0.6061 1.0 9.1 ∙ 10−8 
OS265966 0.6488 0.9997 7.9 ∙ 10−8 
OS265967 0.7286 1.0 4.9 ∙ 10−8 
Table 5.2, Rheological parameters for the lubricants at 𝑻𝑻𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟕𝟕𝟕𝟕 ℃ 
As already mentioned, the parameters listed in table 5.2 have been determined for 𝑇𝑇𝑟𝑟𝑒𝑒𝑟𝑟 =70 ℃, hence combined with equation 5.1 cannot effectively describe the non-Newtonian 
response of the lubricants at temperatures different than the reference one. For that purpose, 
the Time Temperature Superposition (TTS) principle has been applied (Williams, Landel, 
and Ferry 1955). The application of TTS on equation 5.1 yields equation 5.2. 
𝜂𝜂(?̇?𝛾,𝑇𝑇) = 𝜂𝜂0(𝑇𝑇)[1 + (𝑎𝑎𝑇𝑇𝑇𝑇𝑇𝑇𝜆𝜆?̇?𝛾)𝛼𝛼𝐻𝐻𝐻𝐻]𝛽𝛽𝐻𝐻𝐻𝐻       (5.2) 
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The shifting factor 𝑎𝑎𝑇𝑇𝑇𝑇𝑇𝑇 can be determined according to: 
𝑎𝑎𝑇𝑇𝑇𝑇𝑇𝑇 = 𝜂𝜂0
𝜂𝜂0
𝑟𝑟𝑒𝑒𝑟𝑟
𝑇𝑇𝑟𝑟𝑒𝑒𝑟𝑟
𝑇𝑇
𝜌𝜌𝑟𝑟𝑒𝑒𝑟𝑟
𝜌𝜌
      (5.3) 
Due to absence of experimental measurements of the high shear response of the dynamic 
viscosity at higher pressures, the variation of the relaxation time of the particular fluids 
examined with the pressure is going to be neglected, hence 𝑎𝑎𝑇𝑇𝑇𝑇𝑇𝑇 = 𝑎𝑎𝑇𝑇𝑇𝑇𝑇𝑇(𝑇𝑇) rather than 
𝑎𝑎𝑇𝑇𝑇𝑇𝑇𝑇 = 𝑎𝑎𝑇𝑇𝑇𝑇𝑇𝑇(𝑇𝑇,𝑝𝑝). It is expected that due to the increased contact pressure in the conjunction 
the relaxation time will also increase (Bair and Qureshi 2014). That increase of the relaxation 
time is expected to amplify the effect of the shear thinning of the fluid, hence reducing the 
predicted EHD viscous friction. Finally, the temperature dependence of the density of the 
lubricants is described by equation 5.4 which is provided by the lubricant supplier. 
𝜌𝜌(𝑇𝑇) = −0.6323𝑇𝑇 + 1016.1      (5.4) 
Applying the TTS makes the analytical determination of the shear thinning response of the 
lubricants possible for a wide temperature range. This is essential when the performance of 
practical tribological systems is examined, particularly when the shear heating effect is taken 
into consideration. The determination of the low shear dynamic viscosity at temperature 
different than the reference is addressed in more detail in section 5.1.3. 
 
5.1.2. High pressure response of the viscosity 
 At the central region of typical EHD conjunctions, the pressures encountered by the 
lubricant are in the order to 0.5 GPa − 2.0 GPa meaning that the dependence of the viscosity 
of the lubricant on the pressure cannot be considered negligible (Dowson and Ehret 1999), as 
opposed to the classical hydrodynamic theory. In order to effectively capture the high 
pressure response of the lubricants under study at the central region of the EHD conjunction, 
a falling body type high pressure viscometer has been employed. Those measurements have 
been performed by Lubrizol in their laboratories (Wickliffe, OH, USA). The measurements 
of the high pressure viscosity have been performed by the lubricant manufacturer. Roeland’s 
equation (Roelands 1966) (equation 5.5) has been employed in order to describe the pressure 
dependence of the low shear dynamic viscosity of the lubricants under examination. 
𝜂𝜂0(𝑝𝑝) = 𝜂𝜂0(𝑝𝑝𝑎𝑎)exp(𝛼𝛼𝑅𝑅𝑝𝑝)      (5.5) 
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Where the Roeland’s pressure-viscosity coefficient 𝛼𝛼𝑅𝑅 can be determined by applying 
equation 5.6. 
𝛼𝛼𝑅𝑅 = {ln[𝜂𝜂0(𝑝𝑝𝑎𝑎)] + 9.67}[(1 + 5.1 ∙ 10−9𝑝𝑝)𝑍𝑍 − 1]𝑝𝑝       (5.6) 
Finally, the pressure-viscosity index 𝑍𝑍 can be determined by equation 5.7 which is according 
to Houpert (Houpert 1985). 
𝑍𝑍 = 𝛼𝛼∗5.1 ∙ 10−9{ln[𝜂𝜂0(𝑝𝑝𝑎𝑎)] + 9.67}      (5.7) 
In equation 5.7, 𝛼𝛼∗ represents the reciprocal asymptotic iso-viscous pressure viscosity 
coefficient. This coefficient can be determined through equation 5.8, which is according to 
Bair et al. (Bair, Liu, and Wang 2006), provided that the magnitude of the low shear dynamic 
viscosity at several high pressure intervals is known.  
𝛼𝛼∗ = �� 𝜂𝜂0(𝑝𝑝𝑎𝑎)
𝜂𝜂0(𝑝𝑝)∞0 𝑑𝑑𝑝𝑝�−1       (5.8) 
Since the viscosity of the lubricants at high pressure is not a known continuous function, 
equation 5.8 should be discretised into a more simplified form to account for this fact. A good 
approximation of equation 5.8 is provided by Bair et al. (Bair et al. 2006) and is according to 
equation 5.9. 
𝛼𝛼∗ ≈ �
𝜂𝜂0(𝑝𝑝𝑎𝑎)
𝛼𝛼𝐻𝐻𝜂𝜂0(𝑝𝑝𝐻𝐻) + ��𝜂𝜂0(𝑝𝑝𝑎𝑎)𝛼𝛼𝑖𝑖 𝜂𝜂0(𝑝𝑝𝑖𝑖) − 𝜂𝜂0(𝑝𝑝𝑖𝑖−1)𝜂𝜂0(𝑝𝑝𝑖𝑖)𝜂𝜂0(𝑝𝑝𝑖𝑖−1) �𝐻𝐻
𝑖𝑖=1
�
−1       (5.9) 
The approximation of the pressure-viscosity coefficient presented by equation 5.9 is based on 
the assumption that the low shear dynamic viscosity is approximated piecewise from pressure 
𝑝𝑝𝑖𝑖−1 to pressure 𝑝𝑝𝑖𝑖 by exponential functions whose pressure-viscosity coefficient is equal 
with 𝛼𝛼𝑖𝑖 (Bair et al. 2006). The local pressure viscosity coefficient 𝛼𝛼𝑖𝑖 appearing in equation 
5.9, can be evaluated by applying equation 5.10. 
𝛼𝛼𝑖𝑖 = ln(𝜂𝜂0(𝑝𝑝𝑖𝑖) 𝜂𝜂0(𝑝𝑝𝑖𝑖−1)⁄ )𝑝𝑝𝑖𝑖 − 𝑝𝑝𝑖𝑖−1       (5.10) 
For the gear lubricants under examination, the reciprocal asymptotic iso-viscous pressure 
viscosity coefficient has been determined for three different temperatures, namely at 40 ℃, 
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100 ℃ and at 140 ℃. It is found that its magnitude varies linearly with temperature 
according to equation 5.11. 
𝛼𝛼∗(𝜃𝜃) = 𝑎𝑎𝑃𝑃𝑃𝑃𝜃𝜃 + 𝑏𝑏𝑃𝑃𝑃𝑃      (5.11) 
In equation 5.11 𝜃𝜃 is the temperature of the lubricant expressed in ℃, whereas 𝑎𝑎𝑃𝑃𝑃𝑃 and 𝑏𝑏𝑃𝑃𝑃𝑃 
are the curve fitting coefficients determined for each of the lubricants under examination. The 
value of each one of the curve fitting coefficients of equation 5.11 is listed in table 5.3. 
Lubricant  𝒂𝒂𝑷𝑷𝑷𝑷 (𝐆𝐆𝐆𝐆𝐆𝐆−𝟏𝟏 °𝐂𝐂⁄ ) 𝒃𝒃𝑷𝑷𝑷𝑷 (𝐆𝐆𝐆𝐆𝐆𝐆−𝟏𝟏) 
OS265962 −0.0677 18.6742 
OS265963 −0.0718 21.8689 
OS265964 −0.0613 18.6531 
OS265965 −0.0614 19.3084 
OS265966 −0.0685 20.3452 
OS265967 −0.06189 19.1268 
Table 5.3, Curve fitting parameters for the temperature dependence of the pressure-
viscosity coefficient 
Figure 5.3 illustrates the variation of the reciprocal asymptotic iso-viscous pressure viscosity 
coefficient for two of the lubricants under examination along with the corresponding linear 
curve fit.  
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Figure 5.3, Temperature variation of the pressure-viscosity coefficient for two 
lubricants under examination 
Applying equation 5.7 across the three different temperatures (40 ℃, 100 ℃ and 140 ℃) 
yields the corresponding magnitude of the pressure-viscosity index 𝑍𝑍 for the same 
temperatures. It is found that its value is practically insensitive to the variation of the 
temperature while it remains fairly constant at 𝑍𝑍 ≈ 0.45 throughout the temperature range 
examined. This is in line with the observations made by Roelands (Roelands 1966).  
 
5.1.3. High temperature response of the viscosity 
 Being able to extend the lubrication analysis to temperatures different than the 
reference one, used to determine a basic set of property related parameters, the knowledge of 
the temperature variation of the viscosity is also required. The high temperature viscosity 
measurements have been performed by an AR 2000 cone type rheometer (figure 5.4) 
manufactured by TA instruments. Those measurements have been performed by the author in 
Lubrizol’s laboratories (Hazelwood, Derbyshire, UK). The temperature at which the low 
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shear dynamic viscosity of the lubricants has been determined ranges from 10 ℃ up to 140 ℃. The viscosity has been recorded at 1 ℃ increments.  
 
Figure 5.4, The AR 2000 high temperature rheometer 
Once the measurements of the temperature variation of the low shear dynamic viscosity have 
been performed, the corresponding curves can be constructed. Figure 5.5 illustrates the 
temperature-viscosity curves for two of the lubricants under examination (the rest have been 
omitted for clarity). As seen from the plot of figure 5.5, the dynamic viscosity of the 
lubricants demonstrates an exponential decrease with the temperature and both lubricants 
exhibit a very similar behaviour. 
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Figure 5.5, Temperature variation of the viscosity for two of the lubricants under 
examination 
In order to obtain an analytical relationship connecting the viscosity of the lubricants with the 
imposed temperature, equation 5.12 is employed. This temperature-viscosity model is 
supplied by the lubricant manufacturer and it is deemed reliable for the same purposes. 
𝜂𝜂0(𝑇𝑇) = 𝜂𝜂0,𝑟𝑟𝑒𝑒𝑟𝑟exp� 𝐴𝐴1𝑇𝑇 − 𝑇𝑇0,𝑟𝑟𝑒𝑒𝑟𝑟�       (5.12) 
Equation 5.12 is an expression of the Vogel temperature-viscosity model (Cameron 1966). 
The parameters appearing in the Vogel-type model of equation 5.12 have been determined for 
each of the lubricants under examination and are listed in table 5.4. 
Lubricant 𝜼𝜼𝟕𝟕,𝒓𝒓𝒓𝒓𝒓𝒓 (𝐆𝐆𝐆𝐆. 𝐬𝐬) 𝑨𝑨𝟏𝟏 (𝐊𝐊) 𝑻𝑻𝟕𝟕,𝒓𝒓𝒓𝒓𝒓𝒓 (𝐊𝐊) 
OS265962 1.55 ∙ 10−4 944.8 165.2 
OS265963 7.47 ∙ 10−5 1105.0 161.9 
OS265964 1.34 ∙ 10−4 943.0 167.3 
OS265965 1.57 ∙ 10−4 951.0 164.0 
OS265966 1.27 ∙ 10−4 984.7 165.0 
OS265967 8.70 ∙ 10−5 1074.1 161.0 
Table 5.4, Temperature-viscosity parameters for the lubricants under examination 
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5.2. Validation of the EHD friction model 
 Before employing the friction model into predicting the conjunctional efficiency of 
hypoid gear pair units, the solver should be independently validated against simple friction 
experiments. The validation of the friction solver will ultimately highlight the influence of 
several film forming and friction forming mechanisms on the overall tribological 
performance of the EHD conjunction. It also provides more confidence in terms of using the 
particular formulation into more complicated configurations, such as a gear pair conjunction. 
For the purposes of the present study, the validation of the friction model is done by focusing 
on two different performance parameters of the EHD conjunction, the one being the central 
film thickness while the other being the magnitude of the traction coefficient. To compare 
against the film thickness predictions of the friction model, a ball on disk optical 
interferometer has been employed. The traction predictions have been compared with the 
corresponding measurements of a Mini Traction Machine (MTM).  
 
5.2.1. Validation of the film thickness predictions  
The experimental determination of the central film thickness was performed by 
employing the ultra-thin film optical interferometry technique (Gohar 2001). The layout of 
the optical interferometer employed, manufactured by PCS instruments, is shown in Figure 
5.6.  
 
Figure 5.6, Layout of the optical interferometry rig 
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A steel ball of radius 𝑅𝑅𝑏𝑏 = 9.525 mm, supported by roller bearings enabling free rotation, is 
loaded against a glass disc (flat). The centre of the glass disc is connected through a shaft to 
an electric motor which provides the angular velocity. The amount of loading between the 
steel ball and the glass disk can be precisely controlled to achieve a contact load with good 
accuracy. Since the ball and the disc are loaded against each other, and the supporting roller 
bearings of the ball exert little resistance on the rotation of the ball, the surface of the ball 
moves with the surface of the glass disk, ideally without or with very small amount of sliding. 
This configuration results in pure rolling between the solid bodies. The contact of the bodies 
results in a circular contact footprint. White light is used to illuminate the contact point. Due 
to the different refractive index of the air, the glass disk and the lubricant, combined with the 
fact that a portion of the light traveling through the glass is reflected at the intermediate 
interface between the disc and the lubricant, the interference pattern can be captured by a 
microscope. The surface of the disc corresponding to the side, which is in contact with the 
ball, is coated with two materials, namely a semi-reflective Cr layer, which is attached 
directly on the glass, and on the top of this layer a SiO2 layer which is in direct contact with 
the ball. The purpose of the SiO2 layer is to provide a ‘pseudo-lubricant’ layer between the 
disc and the ball (Gohar 2001). This layer increases the total visible lubricant film thickness 
to a magnitude higher than one quarter of the wavelength of the light. The semi-reflective Cr 
layer serves the purpose of improving the sharpness of the interference fringes and hence 
providing a better resolution of the contact pattern (Gohar 2001). Once the interference 
pattern is captured by the microscope, it is analysed by the spectrometer yielding the 
magnitude of the central film thickness. Those measurements have been performed by the 
author in Lubrizol’s laboratories (Hazelwood, Derbyshire, UK).  
 The following figures (5.7 – 5.12) illustrate the comparison between the 
experimentally determined magnitude of the central film thickness and the predictions of the 
analytical friction model (see section 3.3). The central film thickness is predicted by 
considering the influence of several phenomena, such as the ISH and the lubricant starvation. 
The validation of the film thickness has been performed at 40℃ in order to better 
demonstrate the significance of the ISH and the lubricant starvation mechanisms on the film 
forming capability of the EHD conjunction. At higher temperatures the action of the ISH and 
the lubricant starvation on the central film thickness becomes is mitigated, as will be 
demonstrated. 
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Figure 5.7, Central film thickness comparison for OS265962 at 𝟏𝟏𝟕𝟕 ℃ using the 
analytical approach 
 
Figure 5.8, Central film thickness comparison for OS265963 at 𝟏𝟏𝟕𝟕 ℃ using the 
analytical approach 
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Figure 5.9, Central film thickness comparison for OS265964 at 𝟏𝟏𝟕𝟕 ℃ using the 
analytical approach 
 
Figure 5.10, Central film thickness comparison for OS265965 at 𝟏𝟏𝟕𝟕 ℃ using the 
analytical approach 
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Figure 5.11, Central film thickness comparison for OS265966 at 𝟏𝟏𝟕𝟕 ℃ using the 
analytical approach 
 
Figure 5.12, Central film thickness comparison for OS265967 at 𝟏𝟏𝟕𝟕 ℃ using the 
analytical approach 
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Good agreement between the predicted and the experimentally determined value of the 
central EHD film thickness is observed in the plots of figures 5.7 – 5.12 particularly when the 
ISH and the lubricant starvation are taken into account. For all the lubricants under 
examination, when the entraining velocity is maintained below 1 m s⁄  the effect of the 
aforementioned mechanisms on the central film thickness is minimal since the predictions 
when the ISH is accounted for are almost identical with the isothermal and fully flooded inlet 
predictions (Chittenden – Dowson equation (Chittenden et al. 1985)). As the entraining 
velocity increases (generally over 1 m s⁄ ) the contribution of the ISH and the starvation on 
the central film thickness becomes more significant, as noted by the close agreement between 
the solid line and the experimentally determined points in the majority of the plots. It should 
be mentioned that since the formulation used to account for the ISH assumes that this is only 
due to the action of the pressure driven flow at the inlet, it is expected that its predictions are 
more realistic for low to moderate SRR. Increasing SRR leads to increased contribution of 
the velocity driven flow at the inlet of the conjunction, hence for higher SRR this could be an 
additional source of heating at the inlet region of the EHD conjunction. For the cases 
examined in figures 5.7 – 5.12, only pure rolling occurs, hence 𝑆𝑆𝑅𝑅𝑅𝑅 = 0% through the range 
of the entraining velocity. The amount of the inlet temperature rise, when the operating 
conditions representing the optical interferometry rig are considered, is illustrated in figure 
5.13. The SRR is maintained at 0 (pure rolling). The lubricant examined is the OS265962.  
 
Figure 5.13, Inlet temperature rise in the optical interferometry rig for OS265962  
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The increase of the inlet temperature with the entraining velocity can be observed in the plot 
of figure 5.13. The significant decrease of the inlet temperature rise with increasing bath 
temperature is also well demonstrated. When the effect of starvation is taken into account, the 
predicted inlet temperature rise deviates from the corresponding fully flooded prediction. 
This can be attributed to the reduction in the central film thickness due to starvation. Since 
the inlet temperature rise is proportional to ℎ𝑐𝑐
4 (see equation 3.123), a reduction in the 
central film thickness can result in a significant fall in the inlet temperature rise. The plots 
demonstrated in figure 5.13 suggest that ISH and starvation are two mechanisms that, 
although different in nature, strongly interact with each other: The amount of ISH depends on 
the central film thickness, which in turn depends on the intensity of starvation. On the other 
hand, the starvation itself depends on the amount of ISH. This is due to the fact that the 
starvation is a function of the lubricant flow number, which in turn depends on the inlet 
viscosity, and consequently on the intensity of ISH. The natural outcome of the above 
observation is to state that ISH and starvation do not act independently, but they rather act as 
a strongly coupled phenomenon. Inductively, the same can be stated for the effect of inlet 
shear thinning, although no evidence is provided in the present study. Hence, the film 
thickness reduction due to the action of ISH cannot be treated independently with the effect 
of starvation, as it is usually assumed in the literature (Gupta et al. 2008). Further 
experimental evidence is needed in order to further support the aforementioned hypothesis.  
In addition to the predictions of the EHD central film thickness using an analytical 
approach, a numerical approach has also been performed. The basis of the analytical 
approach is focused towards the numerical solution of the Reynolds equation. The Reynolds 
equation is solved both by neglecting and accounting for the shear thinning (non-Newtonian) 
rheological response of the lubricating oil. To validate the formulation and the predictions of 
the non-Newtonian EHD solver, a PAO 650 lubricant is considered (Liu et al. 2007). This 
choice is justified by the well exhibited shear thinning behaviour of this fluid even at low 
entraining velocities. Hence the accuracy of the EHD solver can be better demonstrated. 
Further to that, and in order to effectively predict the traction following the isothermal 
approach the magnitude of the sliding velocity, and hence the entraining velocity for a given 
SRR, should remain relatively low. Hence, by employing PAO 650, it is possible to 
demonstrate the non-Newtonian response of the fluid at low sliding velocities. Figure 5.14 
illustrates the comparative plot between the numerical predictions of the central film 
thickness and its corresponding value determined through employing the optical 
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interferometry rig. The experimentally determined points, as well as the fluid properties 
employed in the analysis, are according to Liu et al. (Liu et al. 2007). The contact load is 
𝑊𝑊 = 32 N, while the entraining velocity is maintained at 𝑈𝑈 = 0.13 m s⁄  throughout. The 
SRR ranges from 0% up to 50%.  
 
Figure 5.14, Central film thickness comparison for PAO 650 at 𝟕𝟕𝟕𝟕 ℃ (experimental 
points after (Liu et al. 2007)) 
As shown in figure 5.14, the predictions of the numerical non-Newtonian EHD model 
regarding the central and the minimum film thickness, are in a good agreement with the 
corresponding experimental ones. A maximum of 6% deviation between the predicted and 
the experimental central film thickness is observed for SRR = 50%, which is considered to 
be within the acceptable tolerance for validation purposes. A considerable deviation of the 
predicted film thickness from the experimental one is observed when the Newtonian 
approach is followed, since the inlet shear thinning is not accounted for in this approach. To 
further illuminate the significance of the inlet shear thinning, figure 5.15 demonstrates the 
variation of the non-Newtonian flow factor 𝑠𝑠𝑛𝑛 (see equation 3.33), formulated in Chapter 3, 
along the direction of entraining motion. Three different SRR values are considered.  
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Figure 5.15, Non-Newtonian flow factor for PAO 650 at 𝟕𝟕𝟕𝟕 ℃ 
The non-Newtonian flow factor is compared against the theoretical one when the Newtonian 
approach is followed (meaning that, 𝑠𝑠𝑛𝑛 = 1 ∀ 𝑋𝑋 ∈ [−4,2]). From the plots of figure 5.15 it is 
observed that when −4 ≤ 𝑋𝑋 < −1, the influence of the SRR on the non-Newtonian flow 
factor is minimal, meaning that at the inlet region of the conjunction the pressure driven 
(Poiseuille) component of the lubricant velocity dominates over the velocity driven (Couette) 
component. Since the film thickness in an EHD conjunction is directly related to the inlet 
conditions (Spikes 2006), this observation comes to a good agreement with the results of 
figure 5.14, where the film thickness is not considerably influenced by the SRR. From figure 
5.15, it is also well demonstrated that the non-Newtonian flow factor at the inlet significantly 
deviates from the corresponding Newtonian one, giving rise to the inlet shear thinning 
phenomenon. The behaviour of the non-Newtonian flow factor at the central region of the 
conjunction (for −1 ≤ 𝑋𝑋 ≤ 1) is discussed in section 5.2.3 where the tractive behaviour of 
the EHD conjunction is investigated.  
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5.2.2. Validation of the friction predictions of the analytical model 
 The analytical friction model, along with the accompanying analytical thermal model, 
have been validated regarding their predictability over the coefficient of friction against 
experimental friction data available both in the existing literature (1st stage) as well as against 
MTM data produced for the purposes of the present investigation (2nd stage). For the 1st stage 
of the validation of the coefficient of friction, a shell T9 mineral oil has been considered. Its 
properties, along with their variation with temperature and pressure, have been provided by 
Habchi et al. (Habchi et al. 2010). The predictions of the friction model are compared against 
the experimental friction data provided by the same authors (Habchi et al. 2010). The 
experimental friction data corresponding to the 2nd stage of the friction coefficient validation 
have been produced by employing a Mini Traction Machine (MTM). Figure 5.16 shows the 
schematic of the employed MTM machine. A loaded ball, attached on a rotating connecting 
rod, is loaded against an also rotating disk, which is kept inside the oil bath during the 
experiment. The rotating velocities of the ball and the disk can be controlled independently so 
that a wide range of SRR and lubricant entraining velocities can be achieved. The frictional 
resistance applied on the loaded ball can be captured through a transducer, and since the 
normal load between the ball and the disk is known, the friction coefficient can be 
determined. Finally, a network of heaters is embedded beneath the oil bath, permitting the 
control of the oil bath temperature. Both the ball and the disk specimens are made of steel.   
 
Figure 5.16, Layout of the MTM rig 
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Experimental traction curves were obtained for the lubricants under study. The lubricant 
entraining velocity was kept constant at 𝑈𝑈 = 2.5 m s⁄  while the contact load was 20 N. SRR 
was varied from 0% (pure rolling) up to 50% (moderate sliding) during the experiments. 
Before running the experiments, the specimens were thoroughly cleaned in toluene ultrasonic 
bath, followed by an ultrasonic bath in acetone. Running the test described, yields the value 
of the EHD traction coefficient for varying SRR. Those measurements have been performed 
by the author in Lubrizol’s laboratories (Hazelwood, Derbyshire, UK).  
 Figure 5.17 – 5.20 illustrate the traction curves corresponding to the 1st stage of the 
validation of the EHD coefficient of friction. The coefficient of friction has been determined 
by following the analytical approach (see section 3.3). The experimental data points 
presented in the same figures are provided by Habchi et al. (Habchi et al. 2010). Good 
agreement between the predictions of the friction model and the corresponding experimental 
points is observed for virtually all the four different operating condition scenarios examined.   
 
Figure 5.17, Traction curves for T9 for 𝑼𝑼 = 𝟕𝟕.𝟖𝟖 𝐦𝐦 𝐬𝐬⁄  and 𝑾𝑾 = 𝟑𝟑𝟖𝟖 𝐍𝐍 (experimental data 
points after Habchi et al. (Habchi et al. 2010)) 
It is worth noting that for the case of 𝑈𝑈 = 0.8 m s⁄  and 𝑊𝑊 = 38 N the predictions of the 
friction model when the isothermal approach is followed come in a better agreement with the 
experimental points as compared with the predictions when the thermal effects are taken into 
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account. This observation practically suggests that the thermal model introduced 
overestimates the heat generation at the centre of the conjunction under the particular 
conditions of speed and load. For  𝑈𝑈 = 0.8 m s⁄  and 𝑊𝑊 = 38 N the entraining velocity and 
the contact load are relatively low when compared with the cases examined in figures 5.18 – 
5.20, suggesting that the heat generation at the centre of the conjunction is also relatively 
reduced. A more elaborate thermal model, accounting for the convective heat cooling of the 
sphere and the disk to the surrounding oil bath could improve the predictions of the friction 
model under those conditions.   
 
Figure 5.18, Traction curves for T9 for 𝑼𝑼 = 𝟐𝟐 𝐦𝐦 𝐬𝐬⁄  and 𝑾𝑾 = 𝟑𝟑𝟖𝟖 𝐍𝐍 (experimental data 
points after Habchi et al. (Habchi et al. 2010)) 
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Figure 5.19, Traction curves for T9 for 𝑼𝑼 = 𝟕𝟕.𝟖𝟖 𝐦𝐦 𝐬𝐬⁄  and 𝑾𝑾 = 𝟏𝟏𝟕𝟕𝟏𝟏 𝐍𝐍 (experimental 
data points after Habchi et al. (Habchi et al. 2010)) 
 
Figure 5.20, Traction curves for T9 for 𝑼𝑼 = 𝟐𝟐 𝐦𝐦 𝐬𝐬⁄  and 𝑾𝑾 = 𝟏𝟏𝟕𝟕𝟏𝟏 𝐍𝐍 (experimental data 
points after Habchi et al. (Habchi et al. 2010)) 
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The analytical approach towards predicting the EHD coefficient of friction is also 
applied to the gear lubricants under examination (table 5.1). In order to assure that the 
contribution of the component of boundary friction is minimal throughout the measurements 
an MTM test specimen, namely the disk, has been characterised in terms of its surface 
topography. The procedure followed for that purpose is described below. Two different 
sections of the surface of the disk specimen of the MTM were characterised with respect to 
their surface roughness characteristics. This is done in order to estimate the value of the 
Stribeck parameter in the EHL conjunction between the disk and the ball and consequently to 
determine the contribution of the boundary friction component. The surface sections of the 
MTM disk where scanned using white light optical interferometry. A × 10 magnification 
objective was employed for the particular measurements. The procedure for obtaining those 
parameters consists of two different steps. Figure 5.21 illustrates the steps followed. The first 
step involves the removal of the tilts and the form from the primary profile, since the 
specimen surface is not perfectly flat against the objective of the interferometer. Finally, the 
second step involves the filtering of the resultant surface profile in order to separate the 
waviness from the roughness. A Gaussian filter with 250 µm cut-off distance was employed. 
The average surface roughness was found to be 𝑆𝑆𝑎𝑎 ≈ 7 nm. It should be noted that the 
recommendation regarding the cut-off distance for surfaces with 𝑆𝑆𝑎𝑎 ≈ 7 nm is 80 µm 
according to Whitehouse (Whitehouse 2002). However, it was found that the magnitude of 
the surface roughness parameters was not sensitive to this change for the particular surface 
examined. The choice of the 250 μm cut-off length in the filter is explained since this length 
permits a greater area of the surface to be used to extract the surface roughness parameters. 
Those measurements have been performed by the author in the laboratories of Loughborough 
University.  
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Figure 5.21, Surface roughness extraction from the MTM disk specimen 
After removing the form and the waviness from the surface under examination, the surface 
roughness parameters can be extracted. Those parameters are listed in table 5.5 for the two 
different sections of the MTM disk surface. 
Parameter (unit) Symbol 
Value for  
Section 1 
Value for  
Section 2 
Root Mean Square  
height (𝐧𝐧𝐦𝐦) 𝑆𝑆𝑞𝑞 2.3 2.27 
Skewness (−) 𝑆𝑆𝑠𝑠𝑠𝑠 0.0584 0.00405 
Kurtosis (−) 𝑆𝑆𝑠𝑠𝑘𝑘 3.8 2.91 
Density of peaks (𝟏𝟏 𝛍𝛍𝐦𝐦𝟐𝟐⁄ ) 𝑆𝑆𝑝𝑝𝑝𝑝 359 1463 
Arithmetic mean peak  
curvature (𝟏𝟏 𝛍𝛍𝐦𝐦⁄ ) 𝑆𝑆𝑝𝑝𝑐𝑐 0.000568 0.000602 
Table 5.5, Surface roughness characteristics of the MTM disk specimen 
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Table 5.5 indicates that 𝑆𝑆𝑠𝑠𝑠𝑠 ≈ 0 meaning that the roughness profile is symmetrically 
distributed about its corresponding mean line (Whitehouse 2002). It is also observed that the 
magnitude of the corresponding surface roughness parameters examined is generally the 
same (or very close) between the two different sections measured.  Further to that, the 
magnitude of the Root Mean Square (RMS) height is significantly reduced for both the 
sections examined. The magnitude of the kurtosis for the surface is ≈ 3 for both surface 
sections. Hence, it can be concluded that the peak height distribution of the asperities is 
Gaussian (Bhusan 1999). For Gaussian surfaces the combined RMS height is found by 
applying equation 5.13 (Whitehouse 2002).  
𝑆𝑆𝑞𝑞𝑐𝑐 = ��𝑆𝑆𝑞𝑞,1�2 + �𝑆𝑆𝑞𝑞,2�2      (5.13) 
It is assumed that the surface roughness parameters of the ball specimen have the same 
magnitude as the corresponding parameters determined for the disk specimen, hence 𝑆𝑆𝑞𝑞,1 =
𝑆𝑆𝑞𝑞,2 = 𝑆𝑆𝑞𝑞 and 𝑆𝑆𝑞𝑞𝑐𝑐 = √2𝑆𝑆𝑞𝑞, yielding 𝑆𝑆𝑞𝑞𝑐𝑐 = 3.25 nm when 𝑆𝑆𝑞𝑞 = 2.3 nm is considered. For all 
the cases examined when the MTM is employed the magnitude of the central film thickness 
was found to be within the range of 100 nm~500 nm, mainly depending on the temperature 
of the oil bath (bulk temperature). Therefore, the corresponding magnitude of the Stribeck 
parameter is 𝜆𝜆𝑠𝑠 ≈ 30~150, hence 𝜆𝜆𝑠𝑠 ≫ 3 meaning that the contribution of the boundary 
friction throughout the MTM measurements is of negligible magnitude (Gohar and Rahnejat 
2008).  
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The traction plots of figures 5.22 – 5.24 suggest that the predictions of the friction 
model with the thermal effects being accounted for come in a good agreement with the 
corresponding experimental points.  
 
Figure 5.22, Traction curves for OS265962 at 𝟏𝟏𝟕𝟕 ℃ 
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Figure 5.23, Traction curves for OS265965 at 𝟏𝟏𝟕𝟕 ℃ 
 
Figure 5.24, Traction curves for OS265967 at 𝟏𝟏𝟕𝟕 ℃ 
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From the traction curves presented in figures 5.22 – 5.24, the following observations can be 
made. Firstly, the isothermal Newtonian approach greatly overestimates the coefficient of 
friction, virtually throughout the range of SRR examined. This is an expected outcome since 
neither the effect of the shear thinning of the lubricant, nor the shear heating at the centre of 
the conjunction is accounted for. Hence, the viscosity at the same region, and hence the 
friction force, is largely overestimated. The predictions of the friction model when the 
isothermal and non-Newtonian approach is followed are significantly closer to the 
experimental points. The predictability is further increased when the shear heating at the 
centre of the conjunction is accounted for. Both the aforementioned approaches lead to the 
prediction of a traction plateau for increased SRR which is a clear indication of shear rate 
independence of the friction (Bair 2009). Some rather interesting observation can be made 
when the effect of lubricant starvation is accounted for, with and without the influence of 
ISH. As noted in the plots of figures 5.22 – 5.24, when the lubricant starvation is taken into 
account without considering the ISH at the same time, the predicted coefficient of friction is 
significantly overestimated. An explanation to this observation might be that the reduction of 
the central film thickness due to the action of the lubricant starvation leads to increased shear 
viscous shear rate, provided that the sliding velocity remains unchanged, yielding a 
subsequent increase of the shear stress and hence the coefficient of friction. Furthermore, that 
increase of the shear rate seems that it is not compensated by the also increasing viscous 
shear heating at the central region of the EHD contact. On the other hand, when both the 
lubricant starvation and the ISH are taken into account, the predictability of the friction 
model is improved. For low SRR (below 10%) the slope of the traction curve approaches the 
experimental slope. This behaviour indicates the influence of the ISH on the coefficient of 
friction, particularly at lower SRR. When the ISH is not accounted for, the slope of the 
predicted traction curves are generally higher that the corresponding experimental ones. In 
the real system, and due to the effect of the ISH, the inlet temperature of the lubricant is 
higher than the temperature of the bulk. This leads to an also increased temperature at the 
central region of the conjunction, hence decreasing the viscosity of the lubricant, yielding a 
reduced coefficient of friction, as compared to the predictions assuming that the inlet is 
isothermal. It should also be noted that the predictions of the friction model when the 
starvation was neglected but the ISH was included were identical to those with both the ISH 
and the lubricant starvation included (only one curve is presented in figures 5.22 – 5.24 for 
brevity). Hence, it can be suggested that the action of the ISH supresses the action of the 
lubricant starvation. It is suggested that this is due to the following mechanism: When the 
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ISH is accounted for the inlet viscosity drops due to the subsequent increase of the inlet 
temperature. That increase leads to a decreased lubricant flow number at the inlet of the 
conjunction, hence suppressing the effect of starvation. On the contrary, when the starvation 
is accounted for, without considering the ISH, the inlet viscosity remains the same as the 
viscosity of the bulk lubricant. Hence, the flow number at the inlet is overestimated, yielding 
a subsequent overestimation of the film reduction coefficient due to starvation. Summarising 
the above, the following conclusions can be made: (1) the ISH and the lubricant starvation 
not only influence the film thickness but also the tractive behaviour in EHD conjunctions, (2) 
the aforementioned phenomena cannot be treated separately since they influence the intensity 
of each other.  
Last but not least, a note is made regarding the influence of the relaxation time on the 
traction curves of figures 5.22 – 5.24. As noted in section 5.1.1, the variation of the relaxation 
time of the fluids under investigation (table 5.1) with the pressure is not accounted for in the 
friction model presented since high shear at high pressure viscosity data are not available for 
those lubricants, and consequently a shifting law (Time Temperature Pressure Superposition, 
TTPS) cannot be extracted safely since applying the Vinogradov – Malkin (Vinogradov and 
Malkin 1980) rule (or any other pressure shifting law) without previously testing its 
applicability by using the aforementioned experimental data could be a dangerous 
generalisation. Not accounting for the increase of the relaxation time with the pressure is, as 
noted in section 5.1.1, expected to underestimate the contribution of the lubricant shear 
thinning and hence overestimate the viscous friction force. Although this practically suggests 
that a portion of the overestimated friction prediction of figures 5.22 – 5.24 when the ISH is 
not accounted for might well be due to that fact, the agreement of the same curves with the 
MTM data is reasonably good at high SRR, where the shear thinning is expected to prevail. 
On the other hand, the agreement becomes poorer at lower SRR’s, where the viscous shear 
stress and hence the shear thinning, is comparatively less significant. Based on this 
combination of observation it is believed that the assumed independence of the relaxation 
time of the fluids on the applied pressure does not largely deteriorate the predictability of the 
model and can be considered as a relatively safe assumption.  
 Finally, the predictions of the coefficient of friction by using the analytical approach 
are compared against the MTM data for all the fluids under investigation, at three different oil 
bath temperatures at a fixed SRR, in particular 30%. This percentage of SRR is chosen since 
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it is representative of most hypoid gear pair conjunctions (Mohammadpour, Theodossiades, 
and Rahnejat 2012; Xu, Kahraman, and Houser 2005).  
 
Figure 5.25, Measured and experimental coefficient of friction considering the MTM at 
𝑻𝑻𝒃𝒃𝒂𝒂𝒃𝒃𝒃𝒃 = 𝟏𝟏𝟕𝟕 ℃ 
As seen from figures 5.25 – 5.27, the EHD friction model is in sufficient agreement with the 
MTM measurements of friction, particularly at lower oil bath temperatures (within 10% at 
𝑇𝑇𝑏𝑏𝑎𝑎𝑏𝑏ℎ = 40 ℃). As the bath temperature increases, the difference between the predictions and 
the measurements becomes more significant (66% difference for OS265964 at 𝑇𝑇𝑏𝑏𝑎𝑎𝑏𝑏ℎ =80 ℃). In terms of the qualitative relationship of the frictional response of each lubricant 
between the predictions and the MTM measurements, those seem to be in a reasonably fair 
agreement. The increased friction exhibited by OS265963 is also seen in the predictions of 
the friction model for all the three oil bath temperatures examined. The very similar frictional 
response of OS265965, OS265966 and OS265967 is also captured be the friction model. 
Nevertheless, the qualitative relationship between OS265962 and OS265964 when the 
friction model is employed is inverted in comparison with the MTM measurements. Since the 
methodology of predicting the EHD friction is validated against published experimental data 
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(figures 5.19 – 5.22) (Habchi et al. 2010), the source of the deviation at higher bath 
temperatures is sought at a different point.  
 
Figure 5.26, Measured and experimental coefficient of friction considering the MTM at 
𝑻𝑻𝒃𝒃𝒂𝒂𝒃𝒃𝒃𝒃 = 𝟔𝟔𝟕𝟕 ℃ 
The search of the factors that might be responsible for the aforementioned deviations is 
focused on the input properties describing the rheological response of each of the fluids. 
More specifically, the influence of the temperature dependence of the PV coefficient is 
examined. As seen by equation 5.11, the PV coefficient is assumed to vary linearly with the 
temperature of the lubricant. This is an assumption followed for the purposes of the present 
study since the PV coefficient measurements are only available at three different 
temperatures, namely at 40 ℃, 100 ℃ and 140 ℃.  
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Figure 5.27, Measured and experimental coefficient of friction considering the MTM at 
𝑻𝑻𝒃𝒃𝒂𝒂𝒃𝒃𝒃𝒃 = 𝟖𝟖𝟕𝟕 ℃ 
To demonstrate the influence of the temperature variation of the PV coefficient on the EHD 
friction, three different scenarios are examined, (1) linear variation of the PV coefficient with 
the temperature (default scenario), (2) power law variation of the PV coefficient with the 
temperature and (3) exponential variation of the PV coefficient with the temperature. 
Lubricant OS265964 at 40 ℃, 60 ℃ and 80 ℃ (bath temperature) is considered (figure 5.29). 
Figure 5.28 demonstrates the variation of the PV coefficient of the particular fluid with 
temperatures assuming the aforementioned scenarios. 
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Figure 5.28, Temperature variation of the PV coefficient for OS265964 assuming three 
scenarios for the type of variation 
As seen in figure 5.28, the exponential expression seems to be the most effective in terms of 
its fit to the measured points. To examine the influence of each of those types of variation of 
the PV coefficient with the temperature figure 5.29 is used.  
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Figure 5.29, Traction curves for OS265964 at 𝟏𝟏𝟕𝟕 ℃ (a), 𝟔𝟔𝟕𝟕 ℃ (b) and 𝟖𝟖𝟕𝟕 ℃ (c) using 
different scenarios for the temperature variation of the PV coefficient 
As seen in figures 5.29(a)-(c), the power law of the temperature dependence of the PV 
coefficient seems to describe the EHD friction variation with the SRR for OS265964 more 
effectively than the linear and the exponential fitting laws. As the bath temperature increases 
the deviation of the model predictions seem to deviate from the MTM measurements. 
Although the power law seems to be suitable for OS265964, this is not the case for all the 
lubricants under study. As an example, the traction curves for OS265962 at three different 
temperatures are plotted in figure 5.30. 
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Figure 5.30, Traction curves for OS265962 at 𝟏𝟏𝟕𝟕 ℃ (a), 𝟔𝟔𝟕𝟕 ℃ (b) and 𝟖𝟖𝟕𝟕 ℃ (c) using 
different scenarios for the temperature variation of the PV coefficient 
As seen in figures 5.30(a)-(c), the linear and the exponential models of the temperature 
dependence of the PV coefficient result in more accurate predictions of the EHD coefficient 
of friction for OS265962 for all the three temperatures examined. More specifically, the 
linear law is more suitable for lower oil bath temperatures, whereas the exponential law is 
more accurate for higher oil bath temperatures. Hence, there seems to be no systematic way 
which properly describes the variation of the PV coefficient with the temperature, with the 
present data set. For that reason, the assumption of the linear variation of the PV coefficient 
with temperature is going to be used throughout the current analysis. Although this 
assumption may lead to some deviations of the EHD viscous friction predictions at higher oil 
bath temperatures, given that the same law (linear) followed for all the fluids under 
investigation, will lead to a sufficiently accurate description of the conjunctional efficiency of 
hypoid gear pairs, at least from a qualitative perspective.  
 In addition to the contribution of the temperature dependence of the PV coefficient on 
the EHD viscous coefficient of friction, the influence of the pressure on the relaxation time of 
the lubricant is also expected to affect the predictions of the analytical friction model. As 
noted in section 5.1.1, the TTS is performed under the assumption that the relaxation time is 
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not affected by the pressure, at least for the conditions examined. This assumption only 
applies to the lubricants presented in table 5.1 and is due to lack viscosity data at high shear 
rate for high pressure. Hence, the non-Newtonian rheological model used (equation 5.2) 
cannot be horizontally shifted for the pressure (Bair 2007). Consequently, the increase of the 
relaxation time is not captured, underestimating the effect of the lubricant shear thinning at 
higher pressures, and hence overestimating the viscous friction.  
 Since no high shear at high pressure data are available, neither the temperature 
dependence of the PV coefficient nor the pressure dependence of the relaxation time can be 
considered solely responsible for the overestimation of the viscous EHD friction at higher 
bath temperatures. This highlights the impact of the high pressure response of the lubricant 
properties, particularly the viscosity, on their frictional performance.   
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5.2.3. Validation of the friction predictions of the numerical model 
 The effectiveness of the numerical non-Newtonian EHD model in predicting the EHD 
coefficient of friction can be demonstrated by the plots of figure 5.31. A PAO 650 lubricant is 
considered and the experimental points, as well as the fluid data, are provided by Liu et al. 
(Liu et al. 2007). In their analysis, the experimental points of the coefficient of friction have 
been determined through employing a MTM machine. The non-Newtonian Reynolds 
equation is solved numerically following the formulation presented in Chapter 3.  
 
Figure 5.31, CoF vs. SRR for PAO 650 at 𝟕𝟕𝟕𝟕 ℃ (experimental points after Liu et al. (Liu 
et al. 2007)) 
In figure 5.31, a comparison between the experimentally determined coefficient of friction 
and the predictions of the numerical EHD model is performed for varying SRR. The 
measured coefficient of friction has been determined for a ball against a flat contact. The 
contact load is 𝑊𝑊 = 32 N and the magnitude of the entraining velocity is 𝑈𝑈 = 0.13 m s⁄ . 
Good agreement between the predicted coefficient of friction using the non-Newtonian 
approach and the experimental points is observed. The maximum difference observed 
between the aforementioned quantities is 6%. The isothermal approach is followed, which is 
considered to be reasonably accurate since the entraining velocity, and hence the sliding 
velocity at higher SRR, remains relatively low (0.13 m s⁄ ). As expected, when the 
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Newtonian approach is followed, the coefficient of friction is significantly overestimated, 
since the shear thinning of the lubricant at the central region of the conjunction is not 
accounted for. This departure becomes more significant with increasing SRR. This can be 
explained by the results of figure 5.15. For pure rolling conditions, the non-Newtonian flow 
factor at the centre of the EHD conjunction is almost equal to unity, meaning that the shear 
thinning action is limited. As the SRR increases, the non-Newtonian flow factor at the centre 
becomes considerably higher than unity, hence reducing the viscosity of the lubricant through 
shear thinning. Therefore, the resulting coefficient of friction is significantly less as compared 
to the predictions using the Newtonian approximation.  
 
5.3. Conclusions 
In this chapter, the predictions of the EHD friction model have been validated against 
simple laboratory measurements, where the contact of a loaded sphere against a flat has been 
considered. The predictions of the EHD film thickness and the friction coefficient using both 
the analytical and the numerical approaches have been compared against the measured film 
thickness using an optical interferometer and a MTM (for the EHD coefficient of friction). 
Very good agreement between the predictions of the EHD model and the measured 
parameters has been observed. The effect of the inlet phenomena, such as the inlet shear 
heating and the lubricant starvation, on the film thickness and the friction has also been 
examined. It has been shown that those phenomena can have a significant effect on not only 
the film thickness but also on the coefficient of friction, especially for low to moderate SRR. 
The significance of the lubricant PV coefficient on the EHD friction has also been 
demonstrated. It has been shown that lubricants with higher PV coefficient exhibit higher 
EHD traction but improved film forming capabilities. Finally, it is suggested that the accurate 
prediction of the EHD friction for a given lubricant should be combined with the accurate 
characterisation of the high pressure response of its viscosity.  
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Chapter 6, Results of the Tribodynamic Analysis 
 In the present chapter, the predictions of the hypoid gear pair tribodynamics model are 
presented. The friction, thermal and the gear dynamics models, long with the TCA data, 
described in the previous chapters are combined in order to predict several performance 
characteristics of the system. All the axle lubricants under consideration are examined in the 
following analysis. Particular focus is given on the influence of the lubricant formulation on 
the conjunctional inefficiency of the flanks.  
 
6.1. Identification of the regime of lubrication 
Before moving to the determination of the aforementioned performance parameters, it 
is important to identify the regime of lubrication describing the gear teeth conjunctions of a 
typical automotive differential hypoid gear pair. Realistic loading and speed conditions are 
achieved through accounting for the lateral gear dynamics of the vehicle (Bosch 2004; 
Karagiannis 2013). The regimes of lubrication are categorised based on the significance of 
the elastic deformations of the mating surfaces and the piezo-viscous response of the 
lubricant on the EHD film thickness and traction respectively. Based on that categorisation, 
the lubrication problem can be divided to four regions (Gohar 2001), namely (1) the Iso-
viscous Rigid (IR), also known as the hydrodynamic regime, where both the elastic 
deflections and the piezo-viscous response of the lubricant can be safely neglected, (2) the 
Viscous Rigid (VR), where the elastic deflections of the surfaces are of negligible magnitude 
but the viscosity of the lubricant increases significantly with pressure, (3) the Iso-viscous 
Elastic (IE), also known as soft EHL, where the elastic deflections of the mating surfaces are 
significant but the viscosity remains almost unchanged with the pressure, and finally (4) the 
Viscous Elastic (VE) regime, also known as hard EHL, where both the elastic deflections and 
the piezo-viscous response of the lubricant are significant. The lubrication formulation 
presented in Chapter 3 and validated in Chapter 5 is based on the assumption of the VE 
regime. Hence, to successfully apply the same formulation in hypoid gear pair conjunctions, 
the validity of this assumption needs to be examined. In order to do so, a map of the 
lubrication regimes is used. This is according to Zhang and Gou (Zhang and Gou 1989) as 
demonstrated by Kolekar (Kolekar 2013). To determine the ordinates on this map, the 
following dimensionless parameters are employed (Zhang and Gou 1989), 
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g1 = 𝐺𝐺𝑊𝑊𝑒𝑒1.5
𝑈𝑈𝑒𝑒
0.5       (6.1) 
g3 = 𝑊𝑊𝑒𝑒
𝑈𝑈𝑒𝑒
0.5          (6.2) 
Where 𝐺𝐺, 𝑊𝑊𝑒𝑒 and 𝑈𝑈𝑒𝑒 are the dimensionless material, load and speed parameters respectively, 
as described by Chittenden and Dowson (Chittenden et al. 1985a) (see equation 3.79). To 
demonstrate the prevailing regime of lubrication, the OS265962 lubricant has been employed. 
Pairs of the dimensionless groups of equations (6.1) and (6.2) have been recorded under full 
tribodynamics conditions for 4 full meshing cycles, each corresponding to different 
conditions. The conditions chosen correspond to conditions of low and high input torque at a 
low and increased temperature of the oil bath. Figures 6.1a,b illustrate the maps 
corresponding to 𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏ℎ = 40 ℃ and 𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏ℎ = 80 ℃ respectively.  
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Figure 6.1,  Lubrication regime map for OS265962 at (a) 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃ and (b) 
𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟖𝟖𝟒𝟒 ℃ (𝒏𝒏𝒑𝒑 = 𝟏𝟏 𝐤𝐤𝐤𝐤𝐤𝐤𝐤𝐤) 
(a) 
(b) 
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As seen from the maps of figures 6.1a,b, all the points of the meshing cycle fall within either 
the IR or the VE regime of lubrication for both the bath temperatures. The most highly loaded 
points of the meshing cycle correspond to the VE regime, meaning the corresponding 
frictional losses can be adequately described by the hard EHD theory of lubrication. Another 
conclusion drawn from the same maps is that the input torque at the pinion shaft, which is an 
indication of the tooth loading, does not significantly influence the position and the trend of 
the dimensionless groups 𝑔𝑔1 and 𝑔𝑔3. This can be explained by the fact that the increase of the 
input torque leads on the one hand to a subsequent increase of the tooth loading and on the 
other hand to an increase of the rotating velocity, and hence the surface velocity of the mating 
surfaces. This simultaneous increase of the aforementioned quantities results to a reduced 
sensitivity of the dimensionless groups of equations (6.1) and (6.2) on the input torque. Since 
a considerable portion of highly loaded points of the meshing cycle is described by the VE 
regime, using the VE approach to predict the flank friction, and finally the conjunctional 
inefficiency, is considered to be a reasonable approach.  
 An additional categorisation with respect to the prevailing lubrication mechanisms 
can be performed with regards to the regime of traction in the VE regime of lubrication itself. 
This is performed according to Evans and Johnson (Evans and Johnson 1986). In the study of 
Evans and Johnson (Evans and Johnson 1986), a traction map corresponding to the EHD 
regime (or VE) of lubrication has been experimentally determined and its being separated in 
four different traction regimes, namely (1) Newtonian, (2) non-Newtonian, (3) Viscoelastic 
and (4) Elastoplastic. In order to determine the position of each point of the meshing cycle on 
the traction map the following dimensionless groups are used, 
𝐺𝐺𝐸𝐸𝐸𝐸,1 = 𝛼𝛼∗𝑝𝑝ℎ            (6.3) 
𝐺𝐺𝐸𝐸𝐸𝐸,2 = 𝛼𝛼∗𝜂𝜂𝑈𝑈𝑏𝑏𝑡𝑡𝑏𝑏𝑅𝑅′       (6.4) 
In equation (6.3) 𝑝𝑝ℎ represents the average Hertzian contact pressure in the conjunction and 
𝛼𝛼∗ is the reciprocal asymptotic iso-viscous pressure-viscosity coefficient. In equation (6.4) 𝜂𝜂 
is the low shear dynamic viscosity of the lubricant at the inlet temperature and ambient 
pressure while 𝑅𝑅′ is the equivalent contact radius of curvature on the conjunction. Figures 
6.2a,b illustrate the traction maps for OS265962 at 𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏ℎ = 40 ℃ and 𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏ℎ = 80 ℃ 
respectively. For each map, two input torque values at the pinion shaft have been considered, 
namely 𝑇𝑇𝑠𝑠 = 50 Nm and 𝑇𝑇𝑠𝑠 = 150 Nm.  
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Figure 6.2, Traction map for OS265962 at (a) 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃ and (b) 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟖𝟖𝟒𝟒 ℃ 
�𝒏𝒏𝒑𝒑 = 𝟏𝟏 𝐤𝐤𝐤𝐤𝐤𝐤𝐤𝐤� 
As seen in figures 6.2a,b, the tractive behaviour of the EHD conjunction can effectively be 
described by either the Newtonian or the non-Newtonian models. It should be noted that the 
regime boundaries set by Evans and Johnson (Evans and Johnson 1986) refer to a synthetic 
lubricant and not the OS265962 in particular, which is examined in figures 6.2a,b. However, 
those boundaries are expected to provide a qualitative estimation of the prevailing regimes of 
lubrication, despite this discrepancy. Similar observations were reported by Mohammadpour 
(a) 
(b) 
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(Mohammadpour et al. 2014). Relatively small differences between the two temperatures 
examined are observed, while the input torque has the most profound effect on the regime of 
EHD traction. Most importantly, for the lubricant and the conditions examined, the impact of 
the elastic response of the fluid on the EHD traction does not seem to be of significant 
importance. It should be noted that the boundaries separating each region in the maps of 
figures 6.2a,b have been determined experimentally for a mineral oil (Evans and Johnson 
1986) which is of different formulation as compared to the fluids examined in the present 
study. However, those maps can be useful in order to provide a quantitative indication of the 
prevailing tractive mechanisms.   
 
6.2. Efficiency predictions 
 Since it is sufficiently established that the regime of lubrication dominating a common 
differential hypoid gear pair flank contact is the EHD regime, and also that the elastic 
response of the lubricant can be safely neglected, the formulation of the lubrication problem 
described in Chapter 3, can be applied with confidence. Initially, the predictions of the 
tribodynamics model regarding efficiency are compared against the experimentally measured 
efficiency from a rear axle of a common road vehicle. Then, the predictions are extended to 
cover a wider range of fluids and operating conditions. This permits the understanding of the 
influence of different VMs on the conjunctional efficiency performance of the gear pair. 
 
6.2.1. Influence of the operating conditions 
 In this section, the influence of the operating conditions on the conjunctional 
efficiency of the gear pair is examined. Gear-set 1 is considered while the lubricant selected 
is the OS265962. The selection of the particular lubricant is justified by the good agreement 
of the friction model with the primary traction data (MTM in Chapter 5) due to the practically 
negligible contribution of the limiting shear stress mechanism, at least for the conditions 
examined in Chapter 5. In this section, the temperature of the oil bath as well as the load and 
the speed of the pinion shaft are all controlled independently, in order to isolate the impact of 
each one of those parameters on the tribological performance of the contact. 
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 Figures 6.3 – 6.5 illustrate the variation of the contact load, the lubricant central film 
thickness, the average temperature and the total friction force for a certain pair of flanks 
within one engagement cycle. The temperature of the oil bath is assumed constant at 40 ℃, 
while the input torque and the speed of the pinion are 𝑇𝑇𝑠𝑠 = 100 Nm and 𝑛𝑛𝑝𝑝 = 1 kRPM.  
 
Figure 6.3, Variation of the flank load and the central film thickness for 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃, 
𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍 and 𝒏𝒏𝒑𝒑 = 𝟏𝟏 𝐤𝐤𝐤𝐤𝐤𝐤𝐤𝐤 
As noted by the plots of figures 6.3 – 6.5, as the engagement cycle progresses, the contact 
load initially increases, then reaches a region where its maximum magnitude is observed and 
then reduces again as the flanks leave the conjunction. With regards to figure 6.3, the 
magnitude of the central film thickness does not seem to be significantly influenced by the 
contact load since its peak to peak variation is within 30%. This observation is justified by 
the EHD theory both theoretically (Chittenden et al. 1985a; Hamrock and Dowson 1976) and 
experimentally (Dyson, Naylor, and Wilson 1965). The variation of the average lubricant 
temperature in the central region of the EHD conjunction is described by the red line in figure 
6.4. The lower limit of the lubricant temperature is at 60 ℃ since a 20 ℃ convective inlet 
temperature rise is assumed due to the elevated skin temperature of the flanks (Olver 2002).  
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Figure 6.4, Variation of the flank load and the average temperature of the lubricant for 
𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃, 𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍 and 𝒏𝒏𝒑𝒑 = 𝟏𝟏 𝐤𝐤𝐤𝐤𝐤𝐤𝐤𝐤 
A rapid increase of the average lubricant temperature is observed with increasing contact load 
which is in-line with the observation of other investigators (Li 2015). This increase of the 
average lubricant temperature is justified by the increase of the conjunctional friction with the 
contact load (figure 6.5), leading to a subsequent increase of the conjunctional power loss. 
The increase of the flank friction force with the contact load is further enhanced due to the 
piezo-viscous response of the lubricant which is reflected through the increase of the 
coefficient of friction (figure 6.6) with the contact load/pressure. 
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Figure 6.5, Variation of the flank load and the total friction between a flank pair for 
𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃, 𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍 and 𝒏𝒏𝒑𝒑 = 𝟏𝟏 𝐤𝐤𝐤𝐤𝐤𝐤𝐤𝐤 
 
Figure 6.6, Variation of the coefficient of friction between a flank pair for 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 =
𝟒𝟒𝟒𝟒 ℃, 𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍 and 𝒏𝒏𝒑𝒑 = 𝟏𝟏 𝐤𝐤𝐤𝐤𝐤𝐤𝐤𝐤 
The influence of the input torque on the central film thickness (figure 6.7), the average 
lubricant temperature (figure 6.8) and flank friction force (figure 6.9) is presented in figures 
6.7 – 6.9. With regards to the central film thickness, the plots of figure 6.7 demonstrate that 
this is not greatly affected by the input torque, and hence the contact load, as already stated. 
The influence of the input torque is rather implicit and it is through the mechanism of tooth 
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separation. For lower input torque (50 Nm), two instances of tooth separation are observed 
(figure 6.7) yielding theoretically infinite central film thickness, and hence 0 flank friction 
force (figure 6.9). The presence of the tooth separation events is further supported by the 
plots of figure 6.10, where the maximum and the minimum response of the Dynamic 
Transmission Error (DTE) is recorded for the range of the input torques examined. 
 
Figure 6.7, Variation of the central film thickness between a pair of flanks with the 
input torque for 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃ and 𝒏𝒏𝒑𝒑 = 𝟏𝟏 𝐤𝐤𝐤𝐤𝐤𝐤𝐤𝐤 
As seen in figure 6.10, for input torque higher than 50 Nm, both the maximum and the 
minimum response of the DTE remain well above the positive half backlash line, which 
corresponds to the drive side of the flank pair. However, for 50 Nm the minimum DTE 
response falls just below this threshold, indicating that single sided tooth vibro-impacts, and 
hence tooth separation, occur (Karagiannis and Theodossiades 2013).  
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Figure 6.8, Variation of the maximum temperature of a flank with the input torque for 
𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃ and 𝒏𝒏𝒑𝒑 = 𝟏𝟏 𝐤𝐤𝐤𝐤𝐤𝐤𝐤𝐤 
The flank temperature is also considerably influenced by the amount of input torque (figure 
6.8). As seen in figure 6.9, increased input torque yields increased flank friction force which 
in turn results in augmenting the frictional heat generation between the flanks. Hence, the 
average temperature at the central region of the EHD conjunction is increased.   
  
Figure 6.9, Variation of the total friction force between a pair of flanks for 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 =
𝟒𝟒𝟒𝟒 ℃ and 𝒏𝒏𝒑𝒑 = 𝟏𝟏 𝐤𝐤𝐤𝐤𝐤𝐤𝐤𝐤 
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Figure 6.10, Variation of the peak to peak response of the DTE with the input torque 
for 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃ and 𝒏𝒏𝒑𝒑 = 𝟏𝟏 𝐤𝐤𝐤𝐤𝐤𝐤𝐤𝐤 
With regards to the efficiency performance of each of the fluids, figure 6.11 illustrates its 
variation with the speed of the pinion at 4 different input torques. The expected increase of 
the conjunctional efficiency with the pinion speed is observed for all cases of different input 
torques. Similar trends have been reported by other investigators (Kolivand, Li, and 
Kahraman 2010; Xu and Kahraman 2007).  The improvement of the efficiency response of 
the system with increasing speed of the pinion can be attributed to two phenomena, (a) the 
increase of the temperature of the conjunction with increasing speed (figure 6.12) and the 
decreasing contribution of the asperity friction (figures 6.14 – 6.16). The increase of the 
average temperature of the conjunction with the speed of the pinion can be simply explained 
by the increase of the shear heating of the lubricant due to the also increasing sliding velocity, 
eventually leading to a drop of the viscosity at the centre of the conjunction. This reduction of 
the central viscosity is responsible for the reduced viscous flank friction force with increasing 
speed, which is also observed by the plots of figures 6.14 – 6.16.  
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Figure 6.11, Variation of the conjunctional efficiency with the pinion speed at various 
input torques for OS265962 at 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃  
With respect to the influence of the input torque on the conjunctional efficiency of the gear 
pair, for the range of low pinion speeds (up to 1 kRPM) increasing the input loads yields a 
poorer efficiency response. This behaviour can be attributed to the significance of the 
boundary friction component (figure 6.20) the magnitude of which is not influenced by the 
amount of shear heating at the central zone of the EHD conjunction. Once the pinion speeds 
exceeds 2 – 3 kRPM, this trend is reversed, suggesting that more highly loaded conjunctions 
demonstrate improved efficiency performance.  
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Figure 6.12, Variation of the average temperature rise of the lubricant with the pinion 
speed at various input torques for OS265962 at 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃  
The variation of the average flank temperature rise at the central region of the EHD 
conjunction with the pinion speed and the input load is presented in figure 6.14. As expected, 
increasing input load and speed leads to a subsequent temperature increase in the conjunction, 
which can be justified by the increase of the frictional heat generation at the same region. The 
amount of the frictional heat generation for the same speed and load range is illustrated in 
figure 6.15.  
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Figure 6.13, Variation of the conjunctional power loss with the pinion speed at various 
input torques for OS265962 at 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃  
Although the amount of the frictional power loss increases with the input load, this is 
compensated by the also increasing amount of input power. Hence the conjunctional 
efficiency exhibits a marginal improvement with increasing input load (figure 6.11). Figures 
6.17 and 6.18 illustrate the effect of the bulk (bath) temperature of the lubricant on the 
conjunctional efficiency and the average temperature rise of the fluid at the central region of 
the EHD conjunction. From the results of figure 6.17 it is concluded that increasing the 
temperature of the oil bath leads to a subsequent improvement of the conjunctional efficiency 
of the gear pair. This can be explained by the fact that the absolute temperature of the fluid at 
the central region of the conjunction rises with increasing oil bath temperature, although the 
temperature rise itself is being mitigated (figure 6.18). The increased absolute temperature at 
the centre of the conjunction leads to a reduction of the viscosity of the lubricant at the same 
region, hence reducing the viscous EHD friction.   
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Figure 6.14, Partitioning of the viscous and the boundary components of flank friction 
for OS265962 at 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃ and 𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍 
 
Figure 6.15, Partitioning of the viscous and the boundary components of flank friction 
for OS265962 at 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟔𝟔𝟒𝟒 ℃ and 𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍 
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Figure 6.16, Partitioning of the viscous and the boundary components of flank friction 
for OS265962 at 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟖𝟖𝟒𝟒 ℃ and 𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍 
 
 
Figure 6.17, Variation of the conjunctional efficiency for OS265962 at 𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍 
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Figure 6.18, Variation of the average lubricant temperature rise for OS265962 at 
𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍 
In figures 6.11 – 6.18, and for pinion speeds close to 2 kRPM, the corresponding plots exhibit 
an abnormality of their trend, which is expressed as an abrupt reduction of the conjunctional 
efficiency or as an increase of the average lubricant temperature at the centre of the 
conjunction or as a sudden increase of the power losses. As noted in figure 6.11, this jump 
reduces with increasing input torque. For that reason, its appearance is associated with the 
passing from the natural frequency of the system, and hence the appearance of resonance. 
The appearance of this resonance and its influence on the conjunctional efficiency is better 
demonstrated in figure 6.19, where the conjunctional efficiency and the amplitude of the DTE 
are plot together. The lubricant considered in the OS265962 at 𝑇𝑇𝑠𝑠 = 100 Nm and 𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏ℎ =40 ℃. 
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Figure 6.19, DTE amplitude and conjunctional efficiency for OS265962 at 𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍 
and 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃ 
As seen in figure 6.19, the sudden reduction of the conjunctional efficiency occurs at the 
same pinion speed as the one at which the jump at the magnitude of the DTE appears, which 
is typical under resonant conditions (Kahraman and Singh 1990). Figures 6.20 and 6.21 
illustrate the flank contact load and the coefficient of friction as the engagement cycle 
progresses for the same operating conditions as those  assumed in the plots of figure 6.19. 
Two different pinion speeds are considered, namely 2 kRPM at which resonance appears and 5 kRPM which is away from resonance.  
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Figure 6.20, Variation of the flank contact load within the engagement cycle for 
OS265962 at 𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍 and 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃ 
As seen in figure 6.20, although the input torque is the same for both 2 kRPM and 5 kRPM (𝑇𝑇𝑠𝑠 = 100 Nm), implying that under quasi-static conditions the flank contact load would be 
the identical within the engagement cycle for both speeds, this is not the case when the 
torsional gear dynamics of the system are considered. The plots of figure 6.20 indicate that 
the average contact load for 2 kRPM for 1 engagement cycle is higher than the corresponding 
load for the case of 5 kRPM, despite the fact for a portion of the engagement cycle tooth 
separation occurs for 2 kRPM, hence no flank friction is present (no instantaneous frictional 
power losses). The tooth separation is justified by the 0 flank contact load at the beginning of 
the engagement cycle for 2 kRPM. In the same region the flank contact load is non-zero for 5 kRPM. Similar interplay between the resonance and the flank frictional power losses and 
the conjunctional efficiency has been predicted by Li for spur gear pair conjunctions (Li 
2015).  
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Figure 6.21, Variation of the coefficient of flank friction within the engagement cycle for 
OS265962 at 𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍 and 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃ 
In addition to the dynamic variation of the flank contact load, figure 6.21 illustrates the 
variation of the conjunctional coefficient of friction for the same conditions. The results 
indicate that the average coefficient of friction for 2 kRPM is higher than that of 5 kRPM. 
This variation can be attributed to the effect of the increased average contact pressure for 2 kRPM, due to the increased average flank contact load (figure 6.20) which leads to 
increased lubricant viscosity due to the influence of piezo-viscous effects. Since the average 
flank temperature is almost the same between 2 kRPM and 5 kRPM (figure 6.18) the effect of 
the shear heating of the lubricant is considered to also be the same between those speeds. 
Furthermore, figure 6.14 indicates that the contribution of the component of boundary friction 
for 2 kRPM is almost negligible. Hence, the increased conjunctional coefficient of friction for 2 kRPM can be solely attributed to piezo-viscous effects (increase of the viscosity with the 
contact pressure). The increased flank contact load combined with the also increased 
conjunctional coefficient of friction for 2 kRPM are responsible for the increased frictional 
power losses (figure 6.13) and the decreased conjunctional efficiency (figure 6.11) for 2 kRPM for which resonance appears.  
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Figure 6.22, Variation of the peak to peak response of the DTE with the pinion speed 
for OS265962 at 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃ 
Finally, the plots of figure 6.11 indicate that the drop of the conjunctional efficiency for 2 kRPM does not appear for higher values of input torque (200 Nm and 300 Nm). Figure 
6.22 can be used in order to explain this behaviour, where the maximum and the minimum 
response of the DTE (peak-to-peak) is plotted against the speeds of the pinion for 100 Nm 
and 200 Nm. As seen in figure 6.22, when the input torque is 100 Nm, the minimum 
amplitude of the DTE for 2 kRPM falls below the half backlash line, indicating that single 
sided impacts occur. This behaviour is not observed for 200 Nm, hence the variation of the 
conjunctional efficiency with the speed of the pinion does not present any sudden changes. 
The disappearance of the single sided impacts for increasing input torque has also been 
reported by Kahraman and Singh (Kahraman and Singh 1990) for spur gear pairs.  
 
6.2.2. Influence of the lubricant formulation 
 In this section, the impact of the formulation of the gear oils, and more specifically 
the type and the concentration of the VM on the conjunctional efficiency of the gear pair is 
investigated. In order to understand this dependency all the six fluids are examined. Those 
fluids have been fully characterised in terms of their viscosity, and particularly its 
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temperature, pressure and shear dependence, which in turn are sensitive to the type and the 
concentration of the VM, even when the base oil and the rest of the additive pack is identical 
between the fluids, which is the case for the lubricants under examination. In the present 
section, the input torque and the speed of the pinion shaft are controlled independently in 
order to provide a more comprehensive insight on the effect of each one of those parameters 
on the conjunctional efficiency. Gear-set 1 is considered.  
 Figure 6.23 illustrates the variation of the conjunctional efficiency of the gear pair 
with the speed of the pinion, for all the six fluids under investigation. The input torque is set 
to 100 Nm, while the temperature of the oil bath is kept at 40 ℃.  
 
Figure 6.23, Conjunctional efficiency at 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃ and 𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍 
The influence of the different types and concentration of the VMs on the conjunctional 
efficiency is observed in figure 6.23 and two extreme cases of fluid formulations can be 
identified. Those formulations correspond to lubricants OS265962, which exhibits improved 
efficiency response, and OS265963, which exhibits the poorest efficiency performance. The 
VM used in OS265962 is a dispersant hybrid ester-olefin copolymer, while the VM blended 
in OS265963 is poly-iso-butylene. The efficiency performance for the rest of the fluids falls 
in between the performance of the aforementioned fluids. Since the efficiency performance of 
each fluid can be related to its tribological performance, it is expected that the lubricants with 
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improved efficiency performance should also exhibit a reduced coefficient of EHD friction 
and also improved film forming capabilities in order to reduce the amount of the contribution 
of the boundary friction. The frictional performance of each of the examined lubricants is 
presented in figure 6.24 which describes the variation of the EHD coefficient of friction with 
the Slide to Roll Ratio (SRR) measured by the MTM (𝑊𝑊 = 20 N,𝑈𝑈 = 2.5 m s⁄ ,𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏ℎ =40 ℃) (Chapter 5). 
 
Figure 6.24, Coefficient of friction measured by the MTM at 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃ 
The experimental traction curves of figure 6.24 indicate that the lubricant exhibiting the 
lowest coefficient of EHD friction is the OS265964 rather than the OS265962, according to 
the efficiency predictions. Figure 6.25 is used in order to better illustrate the qualitative 
relationship between the MTM measurements and the inefficiency predictions for each of the 
lubricants. The MTM data plotted in 6.25 correspond to the data of figure 6.24 for 30% SRR, 
while the inefficiency data are for 𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏ℎ = 40 ℃ and 𝑇𝑇𝑠𝑠 = 100 Nm. Three different pinion 
speeds are examined.  
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Figure 6.25, Qualitative comparison between the MTM friction data and the 
conjunctional inefficiency predictions of the tribodynamics model at 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃ 
The plots of figure 6.25 suggest that the inefficiency predictions of the tribodynamics model 
follow the trends of the MTM friction data for all the lubricants but OS265964, which 
although exhibits the lowest EHD coefficient of friction, the predicted efficiency performance 
is poorer when compared to OS265962. This behaviour is observed for all the three different 
pinion speeds examined. To better understand this discrepancy, figure 6.26 illustrates the 
variation of the boundary to viscous flank friction force ratio of the hypoid gear pair 
(obtained from the tribodynamics analysis) for the same operating conditions. The curves of 
figure 6.26 indicate that OS265964 exhibits the highest boundary to viscous force ratio up to 
speeds of 2 kRPM, suggesting that OS265964 has the comparatively the poorest film forming 
capabilities. This is confirmed by the film thickness plots of figure 6.27 which have been 
determined by employing an optical interferometer (𝑊𝑊 = 17 N, SRR = 0%,𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏ℎ = 40 ℃). 
The predictions of the relative film forming capability of each lubricant from the 
tribodynamics model are in a good agreement with the qualitative central film thickness 
measurements of figure 6.27.  
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Figure 6.26, Boundary to viscous friction ratio at 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃ and 𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍 
However, the curves of figure 6.26 indicate that the contribution of the boundary component 
of friction becomes insignificant after almost 3 kRPM. For 5 kRPM the boundary flank 
friction is practically diminished. The plots of figure 6.25 regarding the conjunctional 
inefficiency of the gear pair at 5 kRPM follow the same trend with the corresponding curves 
at 1 kRPM and 3 kRPM. This observation suggests that the qualitative disagreement between 
the MTM data and the inefficiency predictions for OS265964 is not due to the higher asperity 
friction. Consequently, this disagreement is due to the effect of the predicted EHD viscous 
friction from the tribodynamics model and can be explained by the discrepancy between the 
MTM measurements and the corresponding predictions of the friction model presented in 
Section 5.2.2 and is attributed to the sensitivity of the EHD viscous friction on the variation 
of the PV coefficient with the temperature. The predictions of the tribodynamics model 
indicate that this sensitivity is also well reflected on the efficiency performance of the 
lubricants.  
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Figure 6.27, Central film thickness from optical interferometry at 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃ 
Consequently, the piezoviscous response of the lubricant can be considered as one of the 
driving property related parameters of the conjunctional efficiency. From all the fluids under 
examination, OS265962 and OS265964 have the lowest PV coefficient, hence the lowest 
EHD coefficient of viscous friction and finally the improved conjunctional efficiency 
performance. On the contrary, lubricant OS265963 exhibits the highest magnitude of PV 
coefficient, resulting in a poorer efficiency performance. Nevertheless, the increased PV 
coefficient of OS265963 is responsible for the improved film forming capabilities when this 
lubricant is considered (figures 6.26 and 6.27), which can be essential at low-medium speeds 
at higher bath temperatures and higher loads in order to mitigate the contribution of the 
boundary friction component and also enhance the wear resistance of the conjunction. To 
better demonstrate the influence of the PV coefficient on the conjunctional efficiency 
performance of the lubricant, figure 6.28 is used. 
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Figure 6.28, Conjunctional efficiency variation for OS265962 and OS265963 with the 
same PV response as OS265962 (𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍, 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃) 
In figure 6.28, the efficiency predictions of the tribodynamics model for OS265962 and 
OS265963 are presented. However, the PV data of OS265962 have been used in the 
efficiency predictions of OS265963. The plots of figure 6.28 indicate that the conjunctional 
efficiency for the 2 lubricants is almost identical when those fluids have the same high 
pressure response. This observation demonstrates the significance of the PV coefficient on 
the efficiency performance of the lubricants.  
 
6.2.3. Influence of the gear ratio 
 In the present section, gear-sets 2 and 3 are examined and their tribological 
performance is compared. As mentioned in Chapter 4, the main difference between the gear-
sets under discussion is on their transmission ratio (2.73 for gear set 2 and 3.41 for gear set 
3), while many of their other geometrical features (such as the spiral, pitch and cone angles) 
remain the same for both. The geometrical similarity between those two gear-sets can 
consequently provide the basis for a safer understanding of the effect of the gear ratio on the 
tribological (efficiency) performance of the gear pair.  
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 The conjunctional efficiency and the conjunctional power losses for both gear-sets (2 
and 3) are illustrated in figures 6.29 and 6.30 respectively. Lubricant OS265962 at 100 Nm 
pinion torque and at 40 ℃ oil bath temperature is considered. As seen in figure 6.30 the 
increased conjunctional power losses of gear-set 3 are responsible for the worse efficiency 
performance of this gear-set over gear-set 2.  
 
Figure 6.29, Variation of the conjunctional efficiency with the pinion speed for gear sets 
2 and 3 (𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃, 𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍, OS265962) 
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Figure 6.30, Variation of the conjunctional power loss with the pinion speed for gear 
sets 2 and 3 (𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃, 𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍, OS265962) 
The poorer efficiency performance of gear-set 3 can be better understood by the plots of 
figures 6.31b. As seen in figure 6.31b, the dynamic contact load of gear-set 3 is higher than 
that of gear-set 2 despite the fact that the input torque is the same for both (100 Nm). The 
higher dynamic contact load of gear-set 3 is attributed to the different gear ratio than that of 
gear-set 2. At the same time, for a given speed of the pinion (i.e. 1 kRPM), the sliding speed 
between the mating flanks is increased for gear-set 2 over gear-set 3 (figure 6.31c). 
Consequently, a better comparison between the gear-sets with respect to their efficiency 
performance can be performed by maintaining a similar flank contact load for both, and by 
considering the efficiency variation with the speed of the gear, which represents the power 
demand, instead of the speed of the pinion, which is a representation of the power input. This 
comparison is performed in figure 6.32.  
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Figure 6.31, DTE response (a), dynamic contact load (b) and variation of the tooth 
sliding speed within the engagement cycle (c) (𝒏𝒏𝒑𝒑 = 𝟏𝟏 𝐤𝐤𝐤𝐤𝐤𝐤𝐤𝐤) for gear-sets 2 and 3 
(𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍) 
The efficiency plots of figure 6.32 have been produced for 100 Nm input torque for gear-set 
2 and for 80.63 Nm input torque for gear-set 3. This combination yields the same flank 
contact load for both gear-sets. As seen in figure 6.32, the conjunctional efficiency 
performance of the gear-sets becomes very similar as the speed (i.e. the speed of the gear) 
increases. Some discrepancies are observed for lower gear speeds which tend to decrease 
with increasing speed. Those differences can be attributed to the differences in the magnitude 
of the sliding velocity between the flanks between the gear-sets for a given rotational speed 
of either the gear or the pinion. For higher speeds it is possible that the thermal effects (shear 
heating) at the centre of the EHD conjunction are responsible for the similar efficiency 
response between the gear-sets.  
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Figure 6.32, Conjunctional efficiency for gear-sets 2 and 3 �𝑻𝑻𝒔𝒔,𝟐𝟐 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍,𝑻𝑻𝒔𝒔,𝟑𝟑 =
𝟖𝟖𝟒𝟒.𝟔𝟔𝟑𝟑 𝐍𝐍𝐍𝐍� 
Finally, in figures 6.29 and 6.32 it is observed that when gear-set 2 is considered, a sudden 
decrease of the conjunctional efficiency is observed for 𝑛𝑛𝑝𝑝 = 1 kRPM and 𝑛𝑛𝑝𝑝 = 2 kRPM. 
This behaviour is not observed for gear-set 3. A very similar observation has been explained 
in section 6.2.2 where the sudden decrease of the conjunctional efficiency has been attributed 
to the presence of resonance. This is also justified for the case of gear-set 2 according to the 
plots of figure 6.31a. In this plot, 3 regions of resonance are identified ((1), (2) and (3)) and 
the amplitude of the DTE is considerably increased for gear-set 2. For gear-set 3, the 
corresponding resonances appear at higher pinion speed. The effect of the resonance on the 
conjunctional efficiency is better understood by the plots of figure 6.31b, where the dynamic 
contact load is significantly increased when those appear, being responsible for increased 
flank friction force. To better understand the nature of each resonant region appearing in 
figure 6.31b, a modal analysis of the linearised gear dynamics system, considering both gear-
sets 2 and 3, is performed. Table 6.1 lists the calculated natural frequencies (expressed as 
pinion speeds) for both gear-sets when the linearised system is considered.  
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Gear-set 2 (i = 2.73) Gear-set 3 (i = 3.41) 
𝟒𝟒 (rigid body) 0 (rigid body) 
𝟏𝟏𝟐𝟐𝟐𝟐𝟒𝟒 𝐤𝐤𝐤𝐤𝐤𝐤 1414 RPM 
𝟐𝟐𝟏𝟏𝟐𝟐𝟐𝟐 𝐤𝐤𝐤𝐤𝐤𝐤 2593 RPM 
𝟕𝟕𝟒𝟒𝟏𝟏𝟐𝟐 𝐤𝐤𝐤𝐤𝐤𝐤 8685 RPM 
Table 6.1, Calculated natural frequencies for gear-sets 2 and 3 using modal analysis 
The zero natural frequency corresponding to the 1st mode-shape (table 6.1) is due to the 
presence of the rigid body motion of the gear system since this is free to rotate. The 1224 RPM and the 2192 RPM natural frequencies for gear-set 2 correspond to regions (2) 
and (3) of figure 6.31a, where the 1st and the 2nd primary resonances appear. The same 
applies for 1414 RPM and for 2593 RPM for gear-set 3. The resonances for 7019 RPM and 
for 8685 RPM are not observed in 6.31a since the maximum pinion speed examined is 7 kRPM. The resonance appearing in region (1) of figure 6.31a is only observed for gear-set 
2, and its appearance is not predicted from the model analysis, suggesting that this is most 
probably a non-linear resonance.  
 
6.3. Contribution of the load dependent bearing power loss 
 In this section, the formulation described in Chapter 4 regarding the calculation of the 
bearing power losses is applied. Only the load dependent bearing losses are estimated 
(drag/churning losses due to their spinning are not accounted for). The purpose of this 
analysis is to enable a comparison between the magnitude of the bearing power losses and the 
corresponding gear flank friction losses for various operating conditions (load, speed, 
temperature), since those cannot be effectively distinguished when measured on the full scale 
system. In this section, only gear-set 2 is examined, since the bearing type/size and axial 
preload are available exclusively for this particular gear-set. This information has been 
provided by the manufacturer of the rear axle (American Axle). The gear-set assembly is 
comprised of a total of 4 bearings, 2 of them mounting the pinion while the rest are used to 
mount the ring gear. The SKF model (SKF 2008) is used to estimate the power loss of each 
of the bearings employed, provided that the load supported by each one of those is known 
(Chapter 4). To permit the use of the SKF bearing friction model, the bearings used in the 
gear-set 2 assembly need to be translated to an equivalent SKF bearing. The criteria used for 
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this translation are (1) the bearing type (roller, ball, etc.) and (2) the size of the bearing 
(internal/external diameter and the width). Table 6.2 lists the SKF equivalent bearings used in 
this analysis as well as the corresponding axial preload.  
Bearing position SKF equivalent bearing Axial preload (𝐍𝐍) 
Pinion head 32210, tapered roller bearing 5200 
Pinion tail 3207A, double row angular 
contact ball bearing 
5200 
Left hand side ring gear 32009X, tapered roller bearing 6000 
Right hand side ring gear 32009X, tapered roller bearing 6000 
Table 6.2, Differential assembly bearing type and preload 
The contribution of the bearing power losses on the efficiency of the system is demonstrated 
by the plots of figure 6.33, where the efficiency only due to the gear conjunctional losses is 
plot against the predicted efficiency also accounting for the bearing power losses.  
 
Figure 6.33, Efficiency for gear-set 2 (𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃, 𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍, OS265962) 
As seen in figure 6.33, when the bearing power losses are taken into account, the efficiency 
curve of the system exhibits the same trend with the corresponding one which only accounts 
for the gear conjunctional power losses, but with a negative offset. This offset is due to the 
contribution of the bearing losses. Figure 6.34 illustrates the influence of the input torque on 
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the load depended efficiency of the system (gear conjunction and load depended bearing 
losses).  
 
Figure 6.34, Efficiency for gear-set 2 at two different input loads (𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃, 
𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍,𝟓𝟓𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍, OS265962) 
As seen in figure 6.34, the qualitative relationship between the curves of different torque 
level is the same as the corresponding curves presented in figure 6.11. More specifically, for 100 Nm, the efficiency characteristics of the system are improved over 500 Nm due to the 
higher boundary friction at 500 Nm. For 2 kRPM and 500 Nm the tooth decrease of the 
conjunctional efficiency due to tooth separation is no longer observed due to the higher 
contact load. However, for 1 kRPM the tooth separation phenomenon is observed for both 
loads. This is due to the fact that the particular frequency corresponds to the mode-shape 
which corresponds to the ring gear shaft and not the conjunction itself. Also, the increased 
bearing losses at 500 Nm do not seem to influence the trends of the plots of figure 6.34, since 
their influence at lower speeds is considerably less than that of the gear conjunctional power 
losses, as indicated in figures 6.35a,b.  
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Figure 6.35, Power loss for gear-set 2 at (a) 𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍 and (b) 𝑻𝑻𝒔𝒔 = 𝟓𝟓𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍 
(𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒 ℃, OS265962) 
Figures 6.35a,b suggest that for both medium and high load (input torque), the contribution of 
the bearing power losses is considerably less than that of the gear conjunctional power losses 
0
500
1000
1500
2000
2500
200 500 750 1000 1500 2000 3000 4000 5000 6000 7000
Po
w
er
 lo
ss
 (W
) 
Pinion speed (RPM) 
Gear conjunction Bearings
0
500
1000
1500
2000
2500
200 500 750 1000 1500 2000 3000 4000 5000 6000 7000
Po
w
er
 lo
ss
 (W
) 
Pinion speed (RPM) 
Gear conjunction Bearings
(a) 
(b) 
Chapter 6, Results of the Tribodynamic Analysis 
 
175 
 
up to pinion speeds close to 2 kRPM. For higher pinion speeds the frictional power losses of 
the bearings become comparable and progressively more significant than the gear 
conjunctional power losses. Hence, for higher speeds the efficiency of the system, at least 
when the load depended power losses are concerned, is mainly dictated by the frictional 
performance of the supporting bearings. This is due to the fact that the slope of the gear 
conjunctional power losses decreases with the speed of the pinion, for a given torque level. 
This can be attributed to the effect of the viscous shear heating of the lubricant at the centre 
of the conjunction, which is responsible for reducing the dynamic viscosity of the lubricant.  
 
6.4. Numerical EHD predictions 
 The tribodynamics model developed for the present study is based on an analytical 
formulation (Chittenden et al. 1985a) in order to calculate the conjunctional central film 
thickness. Although this approach can provide a good estimate of the central film thickness in 
highly loaded hypoid gear EHD conjunctions lubricated with fully formulated gear oils, it 
does not account for the shear thinning of the lubricant at the inlet of the conjunction due to 
the effect of the counter-flow (Gohar 2001). The inlet shear thinning of the lubricant results 
in a reduction of its inlet viscosity, influencing the film forming capabilities of the 
conjunction (Bair 2004) by reducing the central film thickness. The extent of this reduction 
depends on the importance of the shear thinning (reduction of the viscosity) at the inlet 
region. Figure 6.36 illustrates the variation of the central and the minimum film thickness 
within the engagement cycle for gear-set 1. Lubricant OS265962 has been considered. The 
predictions of the tribodynamics model (Chittenden – Dowson equations (Chittenden et al. 
1985b)) for the central and the minimum film thicknesses are compared against the numerical 
predictions of the EHD model.  
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Figure 6.36, Variation of the film thickness for gear-set 1 (𝒏𝒏𝒑𝒑 = 𝟏𝟏 𝐤𝐤𝐤𝐤𝐤𝐤𝐤𝐤,𝑻𝑻𝒔𝒔 = 𝟏𝟏𝟒𝟒𝟒𝟒 𝐍𝐍𝐍𝐍 
and 𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟒𝟒𝟒𝟒℃) 
As seen in figure 6.36, when the Newtonian assumption is followed, the predictions of the 
Chittenden – Dowson equations for the central and the minimum film thickness are in a fair 
agreement with the numerical predictions, particularly when the minimum film thickness is 
considered. The numerical predictions of the central and the minimum film thickness when 
the non-Newtonian response of the lubricant is considered are also illustrated in figure 6.36. 
As expected, the magnitude of the film thickness when the non-Newtonian effects are 
accounted for is less than that of the Newtonian scenario. This is due to the effect of the shear 
thinning of the lubricant at the inlet region of the conjunction, leading to the reduction of the 
effective inlet viscosity and consequently to reduced film thickness. The contribution of the 
inlet shear thinning on the film thickness has been examined by Bair (Bair 2005) for circular 
point contacts and for fluids described by the Carreau – Yasuda rheological model. Similar 
trends with those found in the present work have been reported.  
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Figure 6.37, EHD film thickness iso-lines for point (a) (figure 6.36) using the (a) 
Newtonian and (b) the non-Newtonian approach 
Figures 6.37 and 6.38 illustrate the film thickness iso-lines for points (a) and (c) of figure 
6.36. Both the Newtonian and the non-Newtonian approaches are considered. 
    
Figure 6.38, EHD film thickness iso-lines for point (c) (figure 6.36) using the (a) 
Newtonian and (b) the non-Newtonian approach 
As seen in figures 6.37 and 6.38, the exit constriction, where the minimum film thickness is 
observed, appears in both the low loaded (point (a)) and the highly loaded (point (c)) points 
of the engagement cycle as well as for both the Newtonian and the non-Newtonian 
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assumptions. Furthermore, the greatest portion of the EHD contact footprint is described by 
the magnitude of the central film thickness. This supports the assumption used in the 
analytical friction model, where the friction force is found by using the central film thickness 
determined according to Chittenden – Dowson equation (Chittenden et al. 1985b). Table 6.3 
lists the predicted central film thicknesses appearing in figure 6.36. 
Point 𝒃𝒃𝒄𝒄,𝑪𝑪𝑪𝑪 (𝐧𝐧𝐍𝐍) 𝒃𝒃𝒄𝒄,𝑵𝑵 (𝐧𝐧𝐍𝐍) 𝒃𝒃𝒄𝒄,𝒏𝒏𝑵𝑵 (𝐧𝐧𝐍𝐍) 𝜺𝜺𝟏𝟏 (−) 𝜺𝜺𝟐𝟐 (−) 
(a) 464 329 250 29.2 % 46.1 % 
(b) 439 309 231 29.6 % 47.3 % 
(c) 441 318 245 28 % 44.6 % 
(d) 486 374 305 23 % 37.3 % 
Table 6.3, Central film thickness predictions for the points examined in figure 6.36 
In table 6.3,  𝜀𝜀1 and 𝜀𝜀2 correspond to the difference between the central film thickness 
predicted by the Chittenden – Dowson (C-D) equation and the Newtonian and the non-
Newtonian numerical EHD analysis respectively. The maximum difference between the C-D 
equation of central film thickness and the non-Newtonian numerical EHD prediction (𝜀𝜀2) is 47.3 %. This indicates the considerable impact of the inlet shear thinning phenomenon on the 
magnitude of the central film thickness in hypoid gear pair conjunctions. A fair amount of 
difference is also found between the C-D equation and the corresponding Newtonian 
numerical EHD prediction (𝜀𝜀1) (29.6 %). This can be attributed to the different range of the 
operating conditions used for the creation of the C-D equations as compared to the operating 
conditions found in hypoid gear pair conjunctions. The almost 30 % difference between the 
predictions of the C-D equation for the central film thickness and the corresponding 
numerically predicted value has been observed by Paouris et al. (Paouris et al. 2015), and has 
been attributed to the different range of the dimensionless groups of the C-D equations when 
a hypoid gear pair conjunction is considered (Paouris et al. 2015). A comparison of the range 
of the dimensionless groups studies by Chittenden and Dowson (Chittenden et al. 1985b) and 
the range of the same groups corresponding to hypoid gear pair conjunctions is performed in 
table 6.4. 
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Dimensionless Group Hypoid gear Chittenden – Dowson 
𝐺𝐺 2360 4522 1013𝑈𝑈𝑒𝑒 100 − 500 0.9353 − 16.83 108𝑊𝑊𝑒𝑒 60 − 900 0.9102 − 11.06 
Table 6.4, Central film thickness predictions for the points examined in figure 6.36 
As seen in table 6.4, range of the speed and the load dimensionless groups examined by 
Chittenden and Dowson (Chittenden et al. 1985b), is well below the range of the same 
parameters corresponding to hypoid gear pair conjunctions, justifying the almost 30 % 
divergence with the corresponding numerical prediction.  
 
6.5. Conclusions 
 In this chapter, the predictions of the tribodynamics analysis have been presented and 
the efficiency performance of hypoid gear pair units has been discussed. The influence of the 
operating conditions on the conjunctional power losses has been investigated, paying 
particular attention on the influence of the input speed, load and the oil bath temperature. The 
effect of different lubricant formulations has been studied revealing the impact of the high 
pressure response of the viscosity on both the conjunctional efficiency and the film forming 
capabilities of the contact. The influence of the gear ratio and the contribution of the loaded 
bearing losses on the performance of the system has also been discussed. Finally, the 
accuracy of the predictions of the Chittenden – Dowson equations (Chittenden et al. 1985b) 
when used in hypoid gear pair conjunctions has been tested by comparing their predictions 
with the corresponding numerical solution. 
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Chapter 7, Conclusions and Future Work 
 A numerical tool which is able to predict the conjunctional efficiency of hypoid gear 
pairs has been developed and its predictions have been presented. The model is able to 
predict the conjunctional efficiency by also accounting for the influence of the dynamics of 
the system. Hence the tribology and the dynamics of the system are accounted for in the same 
model (tribodynamics analysis). To examine the variation of the flank friction force a friction 
model has been developed, whereas the dynamics of the system are captured by a 4 Degree of 
Freedom (DoF) torsional gear dynamics model. Particular attention is paid on the influence of 
the rheological response of the lubricant on the conjunctional efficiency and the power losses 
of the hypoid gear pair unit.  
 
7.1. Conclusions of the analysis 
 Summarising the findings of the present analysis, the following conclusions can be 
made: 
• The central film thickness in EHD conjunctions can be significantly influenced by the 
combined action of Inlet Shear Heating (ISH) and lubricant starvation. Those 
mechanisms act synergistically and the presence of one can influence the impact of 
the other and vice versa.  
• The influence of the ISH and the lubricant starvation is not restricted to the film 
thickness but can be rather extended to the EHD traction, at least for the range of low 
Slide to Roll Ratios (SRR). Experimental evidence is required to better support this 
observation.  
• The Pressure Viscosity (PV) coefficient of the lubricant is a parameter that can 
significantly influence its tractive behaviour. The higher the PV coefficient, the higher 
the EHD viscous traction the lubricant exhibits.  
• The PV coefficient varies with the temperature of the lubricant. The way that this 
varies with the temperature can significantly influence the tractive response of the 
fluid. 
• Lubricants of the same grade, blended with the same additive pack, can exhibit  
different film forming and tractive behaviours when blended with different 
type/concentration of Viscosity Modifier (VM). The difference between them is 
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expressed through the PV coefficient and its variation with the temperature of the 
lubricant.  
• The prevailing regime of lubrication for hypoid gear pairs used in the differential 
units of passenger cars is that of viscous elastic (hard Elastohydrodynamic (EHD)) 
lubrication. This is valid for a wide range of operating conditions (load, speed, 
temperature). 
• The presence of resonance in the operation of hypoid gear pairs can deteriorate their 
efficiency performance. This is due to the increase of the dynamic contact load carried 
by the flanks in conjunction, leading to increased flank friction. 
• The coefficient of friction between the mating teeth increases when resonance appears 
due to piezo-viscous effects. 
• The average temperature rise at the central region of the EHD conjunction decreases 
with increasing oil bath temperature. Nevertheless, this is not sufficient to compensate 
the increase of the absolute temperature at the same region due to the also increased 
temperature of the fluid at the inlet. 
• Lubricants of the same viscosity grade, blended with the same additive pack but with 
different type and concentration of viscosity modifiers can have a fairly different 
efficiency performance and film thickness formation capabilities in hypoid gear pair 
conjunctions. This is attributed to the different high pressure response of their 
viscosity. 
• The qualitative relationship between the MTM and the central film thickness through 
optical interferometry data (sphere against a flat) follow the same trends with the 
efficiency (power losses) and the boundary to viscous flank friction ratio amongst the 
lubricants, when a hypoid gear EHD conjunction is considered. Consequently, simple 
laboratory measurements can be used as an indication of the tribological performance 
of the lubricants in a full scale system with sufficient confidence. 
• Higher input torque can suppress the presence of tooth separation under resonant 
conditions, improving the efficiency performance of the gear pair. 
• The gear ratio does not seem to have a significant impact on the efficiency 
performance of hypoid gear conjunctions.  
• In hypoid gear pair conjunctions, the proportion of the area of the EHD contact 
footprint where the thickness of the lubricant is close to the magnitude of the central 
film thickness is dominant against the regions of decreased film thickness (exit 
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constriction). Consequently, the magnitude of the central film thickness can be 
considered as a reasonable measure of the overall film thickness in such contacts 
when their tribological performance is investigated. 
• The Chittenden – Dowson equations for the minimum and central film thickness can 
provide a reasonable estimation of the film thickness in hypoid gears when the non-
Newtonian effects at the inlet of the conjunction are neglected. Very good agreement 
between the Chittenden – Dowson equation for minimum film thickness and the 
corresponding value calculated by the Newtonian EHD analysis is observed. 
• When common gear lubricants are considered under the conditions corresponding to a 
passenger car differential hypoid gear pair unit, the effect of the inlet shear thinning 
on the central and minimum film thickness can be of significant influence, yielding 
reduced values for the same quantities as compared to those calculated using the 
Newtonian inlet assumption.  
 
7.2. Contribution to knowledge 
 The novelty of the present work can be traced on incorporating realistic rheological 
lubricant data, determined through rheometry, in a hypoid gear pair tribodynamic model. The 
variation of the PV coefficient of the lubricant examined with the temperature has been 
accounted for, permitting the more accurate determination of the flank friction force and 
consequently the conjunctional efficiency. A novel analytical thermal model capable of 
capturing the flank temperature rise has also been developed and used throughout the 
analysis. Finally, a novel method capable of calculating the inlet temperature rise due to the 
effect of the inlet shear heating has been developed and presented (Chapter 5).  
The contribution of the present work on the knowledge surrounding the efficiency 
performance of hypoid gear pair units can be condensed in the following points: 
• Understanding the key property related parameters of gear lubricants which drive 
friction and efficiency. This is possible since the rheological behaviour of 6 gear 
lubricants has been characterised and its results have been implemented into a hypoid 
gear pair tribodynamics model. 
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• Realisation that simple and relatively cheap tribological measurements (MTM and 
optical interferometry) can be directly related to the tribological performance of a full 
scale hypoid gear pair. 
• A better insight on the film thickness distribution under non-Newtonian conditions for 
highly loaded hypoid gear pair units lubricated with realistic gear lubricants.  
 
7.3. Achievement of aims 
 The aim of the present work was to develop a model which is capable of predicting 
the efficiency of highly loaded hypoid gear pairs accounting for the dynamic response of the 
system and the rheological behaviour of fully formulated gear oils employing measured 
viscometric data. Once this was performed, the property related parameters of the lubricants 
under examination with the most influence upon the conjunctional efficiency were identified, 
thus increasing the understanding on this area. This can provide the tools and the capability to 
the lubricant additive industry to design and formulate gear oils with improved efficiency 
performance. 
 
7.4. Future work 
The future work which could be performed in order to improve the accuracy of the 
predictions of the tribodynamics model and also to capture additional system parameters 
which drive efficiency are the following: 
• A series of improvements can be performed on the boundary friction model. More 
specifically, in the present analysis, it is assumed that the distribution of the peak 
height of the asperities follows a Gaussian distribution. As shown this is not the case 
for a common pair of flank surfaces of a run-in hypoid gear pair. It is demonstrated 
that the peak height distribution is rather leptokurtic and skewed. This distribution 
might lead to a different formulation of the statistical functions used to calculate the 
load carried by the asperities and the corresponding contact area. As a result, the 
modified statistical functions might improve the predictions of the boundary friction 
model. 
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• The shear strength of the tribo-film largely depends on the magnitude of the local 
pressure, temperature and sliding speed (Briscoe and Evans 1982). Furthermore, their 
magnitude, and its variation with the aforementioned parameters, is expected to be 
different for different lubricant – surface pairs, since the chemical composition of the 
tribo-film depends on the formulation of the additive pack and the chemical 
composition of the surface on which this acts. Hence those values should be 
determined experimentally with the use of wet Atomic Force Microscopy (AFM). 
This approach is expected to further improve the accuracy of the predictions of the 
boundary friction model since in the present investigation the shear strength of the 
tribo-film has been obtained from the available literature. 
• An extension of the analytical thermal model to account for the temperature variation 
within the contact zone would also add to the accuracy of the predictions of the 
tribodynamic model. The analytical thermal model proposed in the present study is 
only capable of estimating the average central and the inlet temperature of the oil, 
hence its variation within the contact is not captured. Although this approach would 
probably improve the accuracy of the model, this is expected to require a consequent 
sacrifice of the computational time. 
• Incorporate the effect of the convective cooling of the gear teeth while not in contact. 
This will permit a better estimation of the inlet temperature rise. 
• The experimental viscometric capabilities available during this project did not permit 
the determination of the limiting shear stress of the lubricant and its variation with 
pressure and temperature. Hence, this gap is filled by using values from the literature. 
It is expected that the determination of the limiting shear stress for the particular 
fluids examined each time would definitely add to accuracy of the predictions of the 
model.  
• The consideration of the effect of inlet shear thinning of the lubricant in the 
tribodynamics analysis. This could permit a more accurate estimation of the central 
film thickness. 
• Considered improved bearing friction as well as churning/windage loss models in 
order to quantify the main sources of power loss in automotive differential. Improving 
the design of the lubricants for improved conjunctional efficiency does not necessarily 
translate to improved overall efficiency of the axle since the mechanisms of the 
different sources of power loss are different from each other.   
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